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1. Introduction

Parameters of interest in econometric models can be defined as those parameter vectors

that minimize a population objective or criterion function. If this criterion function is mini-

mized uniquely at a particular parameter vector, then one can obtain valid confidence regions

(or intervals) for this parameter using a sample analog of this function. This paper extends

this criterion-based estimation and inference to econometric models where the objective func-

tion is minimized on a set of parameters, the identified set. Our goal is to make inferences

directly on the identified set and to provide a method of obtaining estimators and confidence

regions with good properties (such as consistency, equivariance, fastest rate of convergence)

that cover the identified set with a prespecified probability.

Describe the motivation and examples. The results of paper have already been used in

several substantive empirical studies.

Describe other literature.

Describe the structure of the paper.

2. Problem Definition and Informal Discussion of the Main Results

Consider a nonnegative population criterion function Q(θ) which attains its minimal value

0 on a set ΘI , that is ΘI = {θ ∈ Θ : Q(θ) = 0}. The set ΘI would generally consist of many

parameter values, and thus would not be a singleton. Suppose there is also a sample analog

Qn(θ) of this function. The parameter θ is assumed to belong to a subset of the parameter

space Θ, which is a compact subset of the Euclidean space IRd. Every θ in ΘI indexes an

economic model that passes testable empirical restrictions that the criterion Q(θ) typically

embodies in economic applications. The paper will investigate the estimators and confidence

regions for ΘI constructed using the contour sets of the sample criterion function Qn.

We will begin this section by first reviewing the main econometric models which lead to

the framework above, then discussing economic examples that motivate the models, and then

describing informally the main methods and findings of this paper.

2.1. Moment Condition Models. This paper is primarily concerned with applications to

two main types of econometric models: structural moment inequalities and structural moment

equalities. In empirical analysis, the moment inequalities, just like, more traditional, moment

equalities, represent the testable restrictions on economic models. Therefore, we are interested

in the the set of parameters θ ∈ Θ ⊆ IRd, that index economic models, that satisfy them. The
2



moment restrictions are computed with respect to the probability law P of the actual data

and take the form

EP [mi(θ)] ≤ 0, (2.1)

where mi(θ) = m(θ, wi) is a vector of moment functions parameterized by θ and determined

by a vector of random variables wi. Therefore the set of parameters θ that pass the testable

restrictions is given by ΘI = {θ ∈ Θ : EP [mi(θ)] ≤ 0}.
It is interesting to comment on the structure of the set ΘI in this model. When the moment

functions are linear in parameters, the set ΘI is given by an intersection of linear half-spaces;

and could be a triangle, trapezoid, or a polyhedron, as in Examples 1 and 2 introduced below.

When moment functions are non-linear, the set ΘI is given by an intersection of the nonlinear

half-spaces which boundaries are defined by nonlinear manifolds.

The set ΘI can be characterized as the set of minimizers of the criterion function1

Q(θ) := ‖EP [mi(θ)]W
1/2(θ)‖2

+ (2.2)

where W (θ) is a continuous and diagonal matrix with strictly positive diagonal elements, for

each θ ∈ Θ. Therefore, the inference on ΘI may be based on the empirical analog of Q:

Qn(θ) := ‖En[mi(θ)]
′W 1/2

n (θ)‖2
+, En[mi(θ)] =

1

n

n∑

i=1

mi(θ), (2.3)

where Wn(θ) is a uniformly consistent estimate of W (θ). In applications Wn(θ) can be taken

an identity or chosen to weight the individual empirical moments by estimates of inverses of

their individual variances.2

Moment equalities are more traditional in empirical analysis. The economic models, in-

dexed by θ, are assumed to satisfy the set of testable restrictions given by moment equalities:

EP [mi(θ)] = 0, that is ΘI = {θ ∈ Θ : EP [mi(θ)] = 0}. (2.4)

When the moment functions are linear in parameters, the set ΘI is either a point or a

hyperplane intersected with parameter space Θ. When moment functions are non-linear the

set ΘI is typically a manifold, which also includes the case of isolated points (a zero-degree

manifold).

1Let ‖x‖+ = ‖max(x, 0)‖ and ‖x‖− = ‖max(−x, 0)‖, where in the case of vectors the max operations are

elementwise.
2The modified objective function Q̃n(θ) = Qn(θ)− infθ′∈Θ Qn(θ′) is another useful possibility for inference,

explicitly treated in Section 4.
3



The set ΘI can be characterized as the set of minimizers of the conventional generalized-

method-of-moments function

Q(θ) := ‖EP [mi(θ)]
′W 1/2(θ)‖2, (2.5)

where W (θ) is a continuous and positive definite matrix for each θ ∈ Θ. The inference on ΘI

may be based on the conventional generalized-method-of-moments function

Qn(θ) := ‖En[mi(θ)]
′W 1/2

n (θ)‖2, En[mi(θ)] =
1

n

n∑

i=1

mi(θ), (2.6)

where Wn(θ) is a uniformly consistent estimate of W (θ). In applications, Wn(θ) can be an

identity matrix or an estimate of the inverse of the asymptotic covariance matrix of empirical

moment functions. A useful possibility, also analyzed in the paper, is to also use the modified

objective function for inference: Q̃n(θ) = Qn(θ) − infθ′∈Θ Qn(θ′), which is relevant in cases

where Qn does not attain value 0 in finite samples.

2.2. Motivating Examples. There are several interesting examples for the moment condi-

tion models described above, where the identified set ΘI is naturally a collection of points,

rather than a single point.

Example 1 (Interval Data). The first simplest example is motivated by the missing data

problems, where Y is the unobserved real response variable bracketed below by Y1 and above

by Y2. Let {(Y1i, Y2i), i = 1, ..., n}, be an i.i.d. sequence of real random variables with law P

on IR. The parameter of interest θ = EP [Yi] is known to satisfy the restriction

EP [Y1] ≤ θ ≤ EP [Y2].

The identified set is therefore given by an interval ΘI = {θ : EP [Y1] ≤ θ ≤ EP [Y2]}. This

example falls in the moment-inequality framework with moment function

mi(θ) = (Y1i − θ, θ − Y2i)
′.

Set ΘI can be characterized as the set of minimizers of Q(θ) = (EP [Y1i]−θ)2
+ +(EP [Y2i]−θ)2

−,

which sample analog is given by Qn(θ) = (En[Y1i] − θ)2
+ + (En[Y2i] − θ)2

−.3

Example 2 (Interval Regression). A regression generalization of the previous basic example is

immediate. Suppose a regressor vector Xi is available, and the conditional mean of unobserved

Yi is modelled using linear function X ′
iθ. The parameters of this function can be bounded using

3Throughout, (x)+ := max(x, 0) and (x)− := max(−x, 0), where in the case of vectors the max operations

are elementwise.
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inequality EP [Y1i|Xi] ≤ X ′
iθ ≤ EP [Y2i|Xi]. These conditional restrictions can be converted to

unconditional ones by considering inequalities EP [Y1iZi] ≤ θ′EP [XiZi] ≤ EP [Y2iZi], where Zi

is a vector of positive instrumental variables, for instance, Zi = {1(Xi ≤ xj), j = 1, ..., J}, for

a suitable collection of values xj. The identified set is therefore given by an intersection of

linear half-spaces in IRd. This examples also also falls in the moment inequality framework,

with moment function given by

mi(θ) = ((Y1i − θ′Xi)Z
′
i,−(Y2i − θ′Xi)Z

′
i)

′.

In auction analysis, the bracketing of the latent response – bidder’s valuation – by functions

of observed bids is very natural and occurs in a variety of discrete-bid settings, cf. Haile and

Tamer (?). Analogous situations occur in income surveys, where only income brackets are

available in place of true income Manski and Tamer (?), Chernozhukov, Hong, and Tamer

(?). Sometimes bracketing is explicitly used in order to deal with measurement error.

Example 3 (Discrete Choice). Another application of (4.3) is in the optimal choice behavior

of firms and economic agents. Suppose that a firm can make two choices Di = 0 or Di = 1.

Suppose that the expected profit of the firm from making choice Di is given by π (Xi, Di, θ).

From a revealed preference principle, the fact that the firm chooses Di necessarily implies that

π (Xi, Di, θ) > π (Xi, 1 − Di, θ)

Therefore we can take the moment condition in (4.3) to be

m (θ, wi) = (π (Xi, 1 − Di, θ) − π (Xi, Di, θ)) Zi,

where Zi is the set of positive instrumental variables defined as positive transformations of

Xi, for instance, defined as in the previous example.

This simple example is motivated by Varian’s (?) formalization of the emprical revealed

preference analsysis, and nicely highlights the structure of empirically testable restrictions

arising from the optimizing behavior of firms and economic agents by the means of inequality

conditions. A sequence of recent papers, including those by Ryan (?) and Bajari, Benkard, and

Levin (?) develop dynamic entry models that lead to similar inequality conditions. Blundel

(?) analyses bounds on production functions also using similar principles.

Example 4 (Structural Equations). The following example falls in the framework first advo-

cated by Phillips (1989). Consider the structural instrumental variable estimation of returns to

schooling. Suppose that we are interested in the following example where potential income Y
5



is related to education E through a flexible, quadratic functional form, Y = θ0+θ1E+θ2E
2+ǫ.

Although parsimonious, this simple model is not point-identified in the presence of the stan-

dard quarter-of-birth instrument Z suggested in Angrist and Krueger (1992).4 In the absence

of point identification, all of the parameter values θ = (θ0, θ1, θ2)
′ consistent with the instru-

mental orthogonality restriction

E[(Y − θ0 + θ1E + θ2E
2)(1, Z)′] = 0

are of interest for purposes of economic analysis.

Example 5 (Structural Quantile Equations). Similar partial identification problems arise

in nonlinear moment and instrumental variables problems, see e.g. Demidenko (2000) and

Chernozhukov and Hansen (2001). In Chernozhukov and Hansen (2001), the parameters θ of

the structural quantile functions for returns to schooling satisfy the restrictions:

E[(τ − 1(Y ≤ θ0 + θ1E + θ2E
2))(1, Z)′] = 0,

where τ ∈ (0, 1) is the quantile of interest. This is an example of a nonlinear instrumental

variable model, where the identification region, in the absence of point identification, would

generally be given by a nonlinear manifold. Chernozhukov, Hansen, and Jannson (2005)

analyze an empirical returns-to-schooling example and a structural demand example where

such situations arise.

2.3. Informal Discussion of Results. The objective of this paper is to construct sets Cn

for ΘI that are consistent, converge to ΘI at fastest rates, and have the confidence interval

property lim infn→∞ P (ΘI ⊆ Cn) ≥ α, for a prespecified confidence level α ∈ (0, 1).5 The

sets Cn will generally take the form of a contour set Cn(c) of level c of the sample criterion

function Qn is defined as

Cn(c) := {θ : Qn(θ) ≤ c/an},
for some appropriate normalization an, which would typically be n in the regular parametric

examples of the kind described in Examples 1-5. To simplify the discussion in this section,

assume an = n and that we are dealing with situations given in those examples.

For consistency we will need that the level c = ĉ, which could be data-dependent, diverges

very slowly to infinity; for concreteness, we could set ĉ = ln n. Divergence would generally be

4The instrument is the indicator of the first quarter of birth. Sometimes the indicators of other quarters of

birth are used as instruments. However, these instruments are not correlated with education (correlation is

extremely small) and thus bring no additional identification information.
5Robustness to perturbing P is also discussed.
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needed to cover Examples 4 and 5. In Examples 1-3 no growth condition would typically be

needed, and, for estimation purposes, one could even set ĉ = 0 or to any other constant. For

instance, in Example 1 this would give us the estimate Cn(0) = [En[Y1], En[Y2]].

The analysis of the rates of convergence and consistency will make use of the Hausdorff

distance between sets, which is defined as

dH(A,B) := h(B,A) ∨ h(A,B), where h(A,B) := sup
b∈B

inf
a∈A

‖a − b‖

and h(A,B) := ∞ if either A or B is empty. The motivation for the use of this metric comes

from it being a natural generalization of the Euclidean distance and its previous uses in the

consistency analysis in the context of set estimation (Hansen et al). The general consistency

result

dH(Cn(ĉ), ΘI) →p 0,

obtained in this paper will follow from the uniform convergence of the sample function Qn to

the limit function Q over the compact parameter space and over set ΘI at rate 1/n, where

the limit function Q will be assumed continuous. Such uniform convergence condition is

conventional in econometric work, and is thus easily verified.

The rates of convergence will follow from an approximately polynomial behavior of Qn(θ)

over suitable neighborhoods of ΘI , a condition defined formally in Section 3. Approximately

quadratic behavior of Qn, occurring in Examples 1-5 as verified in Section 4, will imply that

dH(Cn(ĉ), ΘI) = Op(
√

max(ĉ, 1)/n),

which is very close to 1/
√

n rate of convergence (and is exactly 1/
√

n in many moment

inequality examples, e.g. Example 1 and 2).

In order for Cn(c) to have the confidence region property for ΘI , choose level c = ĉ(α),

where ĉ(α) is a consistent estimate of the α-quantile of the statistic:

Cn := sup
θ∈ΘI

anQn(θ), (2.7)

which is a quasi-likelihood-ratio type quantity. The estimates could be based on the limit

distributions of (2.7) or the generic subsampling methods, both developed in this paper. For

instance, in Example 1, suppose (
√

n(En[Y1]−EP [Y1]),
√

n(En[Y2]−EP [Y2])) →d (W1,W2) =

N(0, Ω), then Section 3 shows that Cn →d C = max[(W1)
2
+, (−W2)

2
+], where the distribution of

C can be easily obtained by simulation methods, including the bootstrap. For the cases, when
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the limit distributions of (2.7) are not easily tractable, the paper constructs a generic subsam-

pling estimate ĉ(α), which is based on subsampling an approximation of (2.7) in subsamples,

where one uses the consistent estimate Cn(ĉ) in place of the unknown set ΘI in (2.7).

The paper characterizes the asymptotic behavior and derives the limit distribution of the

statistic Cn. The paper also characterizes the limit distribution of related statistics that allow

to determine the probability of false coverage (probability of covering larger sets than ΘI),

a task that is dual to characterizing the power properties of the testing procedure implicitly

defined by the confidence region. The difficulties encountered in doing so are due to non-

equicontinuous behavior of the empirical process θ 7→ anQn(θ) in e.g. Examples 1-3 and due

to “parameter-on-the-boundary” problem arising in e.g. Example 4, where the identified set

ΘI , defined as an intersection of a hyperplane with Θ, generally has a non-empty intersection

with a boundary of Θ.

3. General Estimation and Inference in Large Samples

This section defines the estimators and confidence regions formally and develops the basic

results on consistency, rates of convergence, and coverage properties of these regions. The

section develops general conditions that parallel those used in extremum estimation in point-

identified cases (e. g. Amemiya (?) and van der Vaart (1999)). The subsequent Section 4

illustrates and verifies these conditions for the moment condition models.

3.1. Basic Set Up. The parameter space Θ is a non-empty compact subset of IRd equipped

with the Euclidean distance and norm, and equipped with a subspace topology relative to IRd.

Data w1, ..., wn is a random vector defined on a complete probability space (Ω,F , P ). Suppose

the sample criterion function Qn(θ) = Qn(θ, w1, ..., wn) is available, and that Qn converges

uniformly to a continuous criterion function Q ≥ 0 that attains minimal value 0 on ΘI . The

contour sets of Qn will be used for estimation of ΘI and inference on ΘI . This approach

therefore employs the classical duality principle of inverting a likelihood type test statistic to

obtain confidence regions.

Regarding notation used in the paper, ǫ-expansion of ΘI is defined as Θǫ
I := {θ ∈ Θ : ‖θ−

θ′‖ ≤ ǫ, for some θ′ ∈ ΘI}. The abbreviated notation infA f will be used to denote infa∈A f(a),

unless an ambiguity arises. The notions of stochastic convergence, e.g. convergence in (outer)

probability, denoted as →p, and stochastic order symbols, Op and op are defined with respect

to the outer probability P ∗, as in van der Vaart and Wellner (1996); wp → 1 abbreviates
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“with (inner) probability approaching 1”. For convenience, Appendix A collects definitions of

other notation.

3.2. Consistency and Rates of Convergence in The General Cases. Let the following

assumption hold.

Condition C.1 (Uniform Convergence and Continuity). (a) Θ is a non-empty compact subset

of IRd, (b) Q : Θ 7→ IR+ is continuous and minΘ Q = 0, where ΘI := arg minΘ Q, (c)

Qn(θ) = Qn(θ, w1, ..., wn) is jointly measurable in θ and data w1, ..., wn which are defined on

a complete probability space (Ω,F , P ), and the map Qn : Θ → IR+ is upper-semi-continuous,

almost surely, (d) supΘ |Qn − Q| = Op(1/bn) for a positive sequence bn → ∞ , and (e)

supΘI
Qn = Op(1/an) for a positive sequence an → ∞.

C.1 assumes uniform convergence for the criterion function Qn to the limit Q. It also

identifies ΘI as the minimizer of the limit criterion function Q. The assumptions Q ≥ 0 and

Qn ≥ 0 are not restrictive.6 In C.1(c), measurability is meant with respect to the product of

F and the Borel sigma-field of Θ; see e.g. van der Vaart and Wellner (1996), p. 47. In C.1(c),

if an original objective function is not upper-semi-continuous, it is always assumed that the

upper-semi-continuous envelope Qn of such a function is taken, e.g. as in ?. C.1(c) guarantees

measurability of supΘI
Qn and related statistics; see e.g. van der Vaart and Wellner (1996),

p.47.

C.1 also defines the principal quantity supΘI
Qn which plays the crucial role in the analysis

of inference, and its rate of convergence to zero an plays the key role in the analysis of

consistency and rates of convergence. Section 4 shows that an = n holds for the models of

Section 2.

The contour sets of anQn form the class of estimates we consider. The contour set of level

c of anQn is defined as

Cn(c) :=
{

θ ∈ Θ : anQn(θ) ≤ c
}

, (3.1)

where c ≥ 0. Next let ĉ be a sequence of non-negative random real variables such that ĉ →p ∞
slowly so that ĉ/an →p 0. For instance, when an = n, we can set ĉ = ln n. The choice of ĉ will

be further discussed when we consider inference. The estimates and confidence regions will

generally take the form Θ̂I := Cn(ĉ).

6Given a function Q̃n and its continuous uniform limit Q̃, we can define Qn(θ) = Q̃n(θ) − infθ′∈Θ Q̃n(θ′)

and Q(θ) = Q̃(θ) − infθ′∈Θ Q̃(θ′) to reach this assumption.
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A condition that implies the rate is the following.

Condition C.2 (Polynomial Minorant). There exist positive constants (δ, κ, γ) such that for

any ε ∈ (0, 1) there are (κε, nε) such that for all n ≥ nε

anQn(θ) ≥ κ · an · min
θ′∈ΘI

‖θ − θ′‖γ

uniformly on {θ ∈ Θ : κε/a
1/γ
n ≤ minθ′∈ΘI

‖θ − θ′‖ ≤ δ}, with probability at least 1 − ε.

C.2 states that Qn can be stochastically bounded below by a polynomial over a neigborhood

of ΘI . C.2 parallels the conditions used to derive the rate of convergence of estimators in the

point-identified cases.

Theorem 3.1 (Coverage, Consistency, and Rates of Convergence of Cn(ĉ).). Let Θ̂I = Cn(ĉ),

where ĉ →p ∞ such that ĉ/an →p 0. (1) C.1 implies that ΘI ⊆ Θ̂I wp → 1 and dH(Θ̂I , ΘI) =

op(1), (2) C.1 and C.2 imply that dH(Θ̂I , ΘI) = Op((ĉ/an)1/γ).

These consistency results, stated in terms of Hasudorff metric, generalize those obtained

for point-identified cases, see e.g. van der Vaart (1999). The motivation for the choice of the

Hausdorff metric was given in Section 2. Both the consistency and rate result are new for

the problem studied in this paper.7 Section 4 shows that in the moment-condition models of

Section 2, Qn is locally quadratic, i.e. γ = 2, and an = n, which implies by Theorem 3.1 that

the convergence rate can be made arbitrarily close to 1/
√

n.8

Example 1 (contd.) As the simplest illustration, consider Example 1, where Qn(θ) =

(En[Y1] − θ)2
++(En[Y2] − θ)2

− and Q(θ) = (EP [Y1] − θ)2
++(EP [Y2] − θ)2

−. Suppose (
√

n(En[Y1]−
EP [Y1]),

√
n(En[Y2]−EP [Y2])) →d (W1,W2) = N(0, Ω). Then supΘ |Qn−Q| = Op(1/

√
n) while

supΘI
|Qn−Q| = Op(1/n), so that bn =

√
n and an = n. By Theorem 3.1 Cn(ln n) consistently

estimates ΘI = [EP [Y1], EP [Y2]]. Further, it is simple to verify that C.3 holds with γ = 2.

Hence by Theorem 3.2 the set Cn(ln n) is consistent at
√

ln n/n rate. Note, however, that

the set Cn(0) = [En[Y1], En[Y2]] consistently estimates [EP [Y1], EP [Y2]] at 1/
√

n rate. Hence,

in this example and many others, but not all, it is possible to achieve the rate 1/a
1/γ
n exactly;

Section 3.2 below develops this point further.

7The consistency result differs from an earlier result by (?) that derives consistency of the set {θ ∈ Θ :

Qn(θ) ≤ c/bn} where bn =
√

n in regular cases. We in fact show consistency of smaller sets replacing bn with

an ≫ bn, where an = n in regular cases. More generally, bn and an are defined by C.1(d,e).
8In the examples like the ones considered in ?, the rate an = n2/3 and γ = 2, giving the rate of convergence

n1/3.
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Remark 3.1. (A counter-example) The following example shows why it is not possible to

achieve the sharp rate of convergence 1/a
1/γ
n by setting ĉ = Op(1) in all cases. Setting ĉ = Op(1)

may in general lead to inconsistency, let alone the rate. Consider the following trivial example

that illustrates the source of the inconsistency: Let Θ = [0, 1], ΘI = [0, 1], Qn(θ) = χ2/n

for θ ∈ [0, 1], where χ2 is a chi-square variable. Then Theorem 1(1) applies with an = n to

claim that Cn(ln n) is consistent. However, Cn(c) for a fixed c ≥ 0 is not consistent, since

dH(Cn(c), ΘI) = dH(⊘, ΘI) = ∞ with probability Pr(χ2 > c) > 0, while dH(Cn(c), ΘI) =

dH(ΘI , ΘI) = 0 with probability Pr(χ2 ≤ c) < 1. The inconsistency problem of this kind

extends to more general cases such as Example 4 and Example 5. Thus, ĉ →p ∞ is generally

needed.

3.3. Consistency and Rates of Convergence with “Degenerate Interior”. In a sub-

class of problem, primarily moment inequality problems, the exact rate of convergence 1/a
1/γ
n

can be attained by setting ĉ = Op(1) or even ĉ = 0. That this is possible in some cases is

immediate: see the discission of Example 1 above.

In moment-inequality problems, it happens often that the criterion function Qn has de-

generate asymptotics, i.e. vanishes, over subsets of the identified set ΘI that can approx-

imate ΘI . In order the discuss this formally, define the ǫ-contraction of the set ΘI as

Θ−ǫ
I := {θ ∈ ΘI : ‖θ − θ′‖ > ǫ,∀θ′ ∈ Θ \ ΘI}, where ǫ ≥ 0.

Condition C.3 (Degeneracy over “Interior”). There exists a collection of subsets {Θ−ǫ
I , ǫ ≤ η}

of ΘI such that (a) dH(Θ−ǫ
I , ΘI) ≤ ǫ for all ǫ ∈ [0, η], (b) for any ǫ ≤ η, there is nǫ such that

for all n > nǫ, P{supΘ−ǫ
I

anQn = 0} = 1, (c) there exists γ > 0 such that for any ε > 0 there

are (κε, nε) such that for all n ≥ nε P{sup
Θ

−κε/a
1/γ
n

I

anQn = 0} ≥ 1 − ε.

C.3(a) states that the sets Θ−ǫ
I can approximate ΘI . C.3(b) typically arises in the moment

inequality models due to all finite-sample moment inequalities satisfied on Θ−ǫ
I with probability

converging to 1, which makes the criterion function vanish on Θ−ǫ
I . C.3(c) further puts a rate

assumption on exactly how this happens, and is coordinated with C.2, in the manner that

matches our examples of interest.

Theorem 3.2 (Consistency and Rates of Convergence of Cn(ĉ) with Degenerate Interiors.).

Let Θ̂I denote Cn(ĉ′) where ĉ′ ≥ 0 with probability 1 and ĉ′ →p c ≥ 0. (1) C.2, C.3(a,b) imply

that dH(Θ̂I , ΘI) = op(1). (2) C.2. and C.3 imply that dH(Θ̂I , ΘI) = Op(1/a
1/γ
n ).

11



Thus, under C.3, the rate Op(1/a
1/γ
n ) is achieved exactly. In particular, the smallest

contour set, Cn(0), is consistent and converges to ΘI at the rate Op(1/a
1/γ
n ). In many moment

inequality examples, both C.3(b) and C.3(c) are satisfied with γ = 2 and an = n, yielding the

rate of convergence 1/
√

n.

Example 1 (contd.) To clarify the role of C.3, recall Example 1. Clearly, for a sufficiently

small ǫ > 0, Θ−ǫ
I = [EP [Y1]+ǫ, EP [Y2]−ǫ] can approximate ΘI = [EP [Y1], EP [Y2]] in Hausdorff

metric, provided ΘI is not a singleton. Since Qn(θ) = (En[Y1] − θ)2
+ + (En[Y2] − θ)2

−, with

probability converging to 1, Qn = 0 on Θ−ǫ
I . Further, for any ε > 0, a constant κε can be

found such that Qn = 0 on Θ
−κε/

√
n

I = [EP [Y1] + κε/
√

n,EP [Y2] − κε/
√

n] with probability

approaching at least 1 − ε. Thus, Cn(c) is consistent at rate 1/
√

n in this example.

3.4. Confidence Regions. The question that arises next is how to choose ĉ to guarantee that

Cn(ĉ) has a confidence region property. The inferential properties of sets Cn(c) are determined

by the statistic

Cn = sup
θ∈ΘI

anQn(θ). (3.2)

Indeed, Lemma 3.1 shows that event {Cn ≤ c} is equivalent to event {ΘI ⊆ Cn(c)}. If quantiles

of Cn or good upper bounds on them are known, finite-sample inference can be conducted.

For instance, the upper bounds on quantiles can be obtained using the maximal inequalities

for empirical processes. This paper provides asymptotic estimates of Cn, using either a generic

subsampling method, developed in Section 3.5, or the asymptotic limits for Cn in the moment

condition problems, developed in Section 4.

The following basic condition is required to hold.

Condition C.4 (Convergence of Cn). Suppose that P{Cn ≤ c} → P{C ≤ c} for each c ∈
[0,∞), where distribution function of C is non-degenerate and continuous on [0,∞).

Section 4 verifies these conditions for moment condition models.

Lemma 3.1 (Basic Large Sample Confidence Intervals). (1) Under C.1 event {Cn ≤ c}
is equivalent to event {Cn(c) covers ΘI}. (2) Suppose that C.4 holds then for any ĉ →p

c(α) := inf{c ≥ 0 : P{C ≤ c} ≥ α} for α ∈ (0, 1), such that ĉ(α) ≥ 0 with probability 1,

we have that limn P{ΘI ⊆ Cn(ĉ)} = limn P{Cn ≤ ĉ} = P{C ≤ c(α)} = α if c(α) > 0, and

lim infn P{ΘI ⊆ Cn(ĉ)} = lim infn P{Cn ≤ ĉ} ≥ P{C = 0} ≥ α if c(α) = 0.
12



3.5. Generic Estimation of the Critical Value based on Subsampling. This section

provides a generic subsampling method for consistent estimation of the critical value. The

method estimates the distribution of Cn using many subsamples of size b. The following

condition facilitates the construction.

Condition C. 5 (Approximability of Cn). For Cn(δn) := sup
Θ

δn/a
1/γ
n

I

anQn, we have that

P [Cn(δn) ≤ c] = P [C ≤ c] + o(1) for any δn ↓ 0 and any c ≥ 0. If C.3 holds, in addi-

tion require that this condition holds for any δn ↑ 0.

In C.5, Θ
δn/a

1/γ
n

I = {θ ∈ Θ : ‖θ − θ′‖ ≤ δn/a
1/γ
n , for some θ′ ∈ ΘI} for δn > 0 and

Θ
δn/a

1/γ
n

I = {θ ∈ ΘI : ‖θ − θ′‖ ≥ δn/a
1/γ
n ,∀θ′ ∈ Θ \ ΘI} for δn < 0. Section 4 verifies C.5 for

models of Section 2. C.5 implies that it suffices to apply subsampling to a feasible statistic

supCn(bc) abQb in place of the infeasible statistic supΘI
abQb.

A Generic Subsampling Algorithm. In a preliminary stage, for cases when data {Wi}
is iid, consider all Bn subsets of size b ≪ n. For cases when {Wt} is a stationary strongly

mixing time series, construct Bn = n−b+1 subsets of size b of the form {Wj, ...,Wj+b−1}. The

algorithm has four steps: (1) Initialize some starting cutoff ĉ0, which can be data-dependent,

such that ĉ0 →p c0 ≥ 0. Set κn = ln n. If C.3 is known to hold, we can also set ĉ0 = 0 and

κn = 0. (2) Compute ĉ1 as the α-quantile of the sample {Ĉj,b,n := supθ∈Cn(bc) abQj,b,n(θ), j =

1, ..., Bn}, using ĉ = ĉ0 + κn, where Qj,b,n denotes the criterion function evaluated using j-th

subsample. (3) (Optional/Asymptotically Equivalent Iterations) Repeat Step 2 for l = 2, ..., L

by computing ĉl from Step 2 using ĉ = ĉl−1 + κn. (4) Report Cn(ĉL + κn) as a consistent

estimator and confidence region. Report Cn(ĉL) as a confidence region (possibly inconsistent

as an estimator, if C.3 does not hold).

Remark 3.2. Chernozhukov, Hong, and Tamer (2002) discuss implementation and compu-

tation in further details. Using Example 2 as the basis for simulations, they find that a small

number of iterations, L = 1 or 2, setting c0 to α-quantile of a χ2 variable with degrees of

freedom equal to the number of moment equations, and using b ≈ n/5, led to reasonable

coverage and estimation results for samples of size 1000 and 2000. Politis, Romano, and Wolf

(1999) describe calibration methods for choosing b in practice.

Theorem 3.3 (General Validity of Subsampling). Suppose (a) {W1, ...,Wn} is either i.i.d.

or is stationary and strongly mixing series, (b) b → ∞, b/n → 0 at polynomial rates as

n → ∞, and (c) an → ∞ at least at a polynomial rate in n. Suppose C.1, C.2, C.4, C.5 hold.
13



Then, for any finite iteration L of the algorithm described above, the following is true: (1)

ĉL →p c(α) := inf{c ≥ 0 : P{C ≤ c} ≥ α}, (2) Cn(ĉL) has asymptotic coverage α if c(α) > 0

and at least α if c(α) = 0.

Any finite iteration of the algorithm produces consistent critical values. The iterations

are asymptotically equivalent and thus, for the purposes of asymptotics, form a single step

procedure. The resulting regions Cn(ĉL) have asymptotic coverage of at least α. Let us

note, however, that in order to get regions that consistently estimate ΘI , we should take the

expanded version of the confidence regions, namely Cn(ĉL + κn) for κn defined above, where

we can set the expansion constant κn = 0 when C.3 holds.

Remark 3.3. It follows from the proof of the theorem that C.1 and C.4 alone suffice for

having asymptotic coverage of at least α.

Remark 3.4. If the researcher does not know whether C.3 holds, he can still use the algorithm

with the expansion constant κn = ln n. The proof of Theorem 3.3 shows that the version of

the algorithm with κn = ln n will give, in finite samples, slightly more conservative critical

values than directly using ΘI in place of Cn(ĉ), which may be desirable in finite samples in

any case.

Remark 3.5 (Variations). Recently Sheikh (2005) proposed a step-down variant of our al-

gorithm, which is numerically equivalent to our algorithm, except that it employs the choice

of constants c0 ∝ an and κn = 0, where the choice c0 ∝ an is used to avoid estimation of the

set ΘI . The step-down variant has several important numerical and statistical disadvantages

compared to the original proposal above. When C.3 holds, the step-down variant is more

conservative for any fixed L than the original procedure, since the latter allows c0 = 0 and

κn = 0. 9

3.6. Asymptotics of Cn and Related Inferential Statistics. This section develops meth-

ods for obtaining the limits of Cn and related inferential statistics that determine the prob-

abilities of false coverage. Such a task faces two major difficulties: one is the failure of the

9In this case, starting with c0 = 0 and κn = 0, our procedure produces the asymptotically valid critical value

ĉ1 in just a single iteration, and ĉ1 will be lower than the critical value produced by the step-down variant with

any finite L (as in practice.) Thus, our confidence regions will typically be smaller than step-down regions.

When C.3 does not hold, the choice κn = 0 together with L → ∞ might produce asymptotically smaller

regions with a (small) probability bounded by 1−α, but the regions are smaller only if they do not cover ΘI ,

which is not a relevant reduction. Also, sending L → ∞ implies high computational cost.
14



usual stochastic equicontinuity conditions of the underlying empirical process and another is

the parameter on the boundary problem, as defined below. This section outlines a frame-

work for obtaining these limits by relying on concepts of stochastic equi-semi-continuity and

generalizations of Chernoff (1954) type conditions on parameter space Θ.

Consider the statistic Cn(δ) := sup
Θ

δ/a
1/γ
n

I

anQn, where

Θ
δ/a

1/γ
n

I = {θ ∈ Θ : ‖θ − θ′‖ ≤ δ/a1/γ
n for some θ′ ∈ ΘI}.

Note also that Θ
δ/a

1/γ
n

I = (ΘI + Bδ/a
1/γ
n ) ∩ Θ.10 Since Cn = Cn(0), Cn is a special case of this

statistic. Suppose that for each δ ≥ 0

Cn(δ) →d C(δ) in IR. (3.3)

(3.3) implies that the probability that the confidence region for ΘI covers false local region

Θ
δ/a

1/γ
n

I satisfies

P{Θδ/a
1/γ
n

I ⊆ Cn(c(α))} = P{ sup

Θ
δ/a

1/γ
n

I

anQn ≤ c(α)} → P{C(δ) ≤ c(α)}, (3.4)

as long as c(α) is the continuity point of the distribution of C(δ). Then asymptotic probability

of false coverage satisfies P{C(δ) ≤ c(α)} ≤ P{C ≤ c(α)}, with strict inequality holding if

distribution function of C(δ) differs from the distribution function of C at c(α). From a testing

prospective, we can view Θ
δ/a

1/γ
n

I as a local alternative to ΘI , so that the statements about

false coverage given above translate in an obvious way to statements about local power.

The analysis focuses on the asymptotic behavior of the empirical process:

ℓn(θ, λ) := anQn(θ + λ/a1/γ
n ), (θ, λ) ∈ V δ

n , (3.5)

where

V δ
n := {(θ, λ) : θ ∈ ΘI , λ ∈ V δ

n (θ)}, V δ
n (θ) := a1/γ

n (Θ − θ) ∩ Bδ, (3.6)

where Bδ denotes the closed ball in IRd of diameter δ centered at the origin and a
1/γ
n (Θ − θ)

denotes the parameter space translated by θ and multiplied by the scaling rate a
1/γ
n .11 The

parameter λ represents the local deviation from θ and ranges over local parameter space V δ
n (θ).

10I.e. ΘI + Bδ/a
1/γ
n is a Minkowski sum of ΘI and Bδ/a

1/γ
n .

11That is Θ − θ is Minkowski difference of set Θ and set θ.
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The parameter θ ranges over identified set ΘI . The inferential statistics in (3.3) are suprema

of the empirical process (3.5) over the set (3.6):

Cn(δ) = sup
(θ,λ)∈V δ

n

ℓn(θ, λ).

The limit properties of Cn(δ) will therefore depend on the limit properties of V δ
n . Observe

that V δ
n is the graph of the correspondence θ ⇉ V δ

n (θ), defined over domain ΘI , and let V δ
∞

denote the graph of some other correspondence θ ⇉ V δ
∞(θ), also defined over domain ΘI .

The condition below requires that V δ
n “converges” to V δ

∞, where the notion of convergence is

motivated statistically.

Condition S.1 (Chernoff-type Regularity). Qn is defined on and is upper-semi-continuous

over a neigborhood of Θ in IRd. For any ε > 0 and δ ≥ 0 there exists nε such that for all

n ≥ nε P{| supV δ
n

ℓn − supV δ
∞

ℓn| ≥ ε} ≤ ε.

The condition that Qn is defined over a neigborhood of Θ is needed to make sure that ℓn

is well defined over ΘI × Bδ for large n and hence over V δ
∞. S.1 trivially holds when δ = 0, a

case which is relevant for asymptotics of Cn = Cn(0), since in this case V 0
n = ΘI ×{0}, so that

V 0
∞ = ΘI × {0}.

Next, suppose there exists δ > 0 such that Bδ(θ) ⊂ Θ for each θ ∈ ΘI , where Bδ(θ) is a

closed ball in IRd of radius δ centered at θ. Then,

V δ
n = V δ

∞ = ΘI × Bδ for all sufficiently large n, (3.7)

and S.1 also holds trivially. This case will be called the parameter in the interior case. It

appears to be reasonable in many applications where Θ is e.g. a rectangle or a convex body

in IRd and ΘI is in the interior of Θ. The case where the parameter in the interior condition

fails to hold will be called the parameter on the boundary case. This definition extends the

definition of Chernoff (1954) and Andrews (1999) to the present context. In this case the

limit graph V δ
∞ will have a form that depends on the structure of Θ. The parameter on

the boundary case arises in many problems: One example is the linear instrumental variable

model (Example 4) with Θ given by a rectangular region. There, identified set ΘI and the

boundary of Θ necessarily have common points, so that (3.7) does not hold. Another example

is the case where Θ is itself defined by a manifold, so that (3.7) does not hold. Section 4

calculates V δ
∞ for the moment conditions models of Section 2 in cases where the parameter on

the boundary problem does occur.
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Condition S.2. (Weak Sup-Convergence) For any finite set ∆ ⊂ [0,∞), (supV δ
∞

ℓn, δ ∈ ∆) →d

(supV δ
∞

ℓ∞, δ ∈ ∆) in IR|∆|, where (θ, λ) 7→ ℓ∞(θ, λ) is a non-negative stochastic process.12

The process ℓ∞ will be referred to as the sup limit of ℓn. The sup convergence is more

general than uniform convergence, namely the convergence in L∞(ΘI ×Bδ), which is implied

by finite-dimensional convergence and stochastic equicontinuity of ℓn.13 In particular, the

uniform convergence fails in the moment inequality model, while the sup convergence does

not; see, for instance, discussion of Example 1 below. The following condition is helpful in

verifying sup convergence.

Condition S.3. (Weak Finite-Dimensional Convergence and Approximability)

A. (Fidi Convergence) For any finite subset M of any V δ
∞, (ℓn(θ, λ), (θ, λ) ∈ M) →d (ℓ∞(θ, λ), (θ, λ) ∈

M) in IR|M |, where (θ, λ) 7→ ℓ∞(θ, λ) is a non-negative stochastic process.

B. (Fidi Approximability) For any ε > 0 and δ ≥ 0 there is a finite subset M(ε) of V δ
∞ such

that for all n ∈ [nε,∞]: P{supV δ
∞

ℓn − maxM(ε) ℓn ≥ ε} ≤ ε.

These conditions imply that the finite-dimensional limit and the sup-limit coincide. Oth-

erwise, the two limits may disagree in general. The finite-dimensional approximability is

motivated and extends the Knight’s (1999) notion of stochastic equi-semi-continuity to set-

identified models.

Lemma 3.2. (1) Condition S.1 and S.2 imply (3.3) with the limit variables given by C(δ) =

supV δ
∞

ℓ∞, in particular C = C(0) = supθ∈ΘI
ℓ∞(θ, 0). (2) Condition S.3 implies condition S.2.

Example 1 (contd.) In Example 1, Qn(θ) = (En[Y1] − θ)2
+ + (En[Y2] − θ)2

−. Then

ℓn(θ, λ) = n(En[Y1] − θI − λ/
√

n)2
+ + n(En[Y2] − θ − λ/

√
n)2

−. Suppose that (
√

n(En[Y1] −
EP [Y1]),

√
n(En[Y2] − EP [Y2])) →d (W1,W2) = N(0, Ω). Then the finite-dimensional limit of

ℓn(θ, λ) is given by

ℓ∞(θ, λ) = (W1 − λ)2
+1(θ = EP [Y1]) + (W2 − λ)2

−1(θ = EP [Y2]).

The limit is not continuous in θ at θ = EP [Y1] and at θ = EP [Y2], hence ℓn(θ, λ) can not be sto-

chastically equicontinuous and uniform convergence fails. Suppose that ΘI = [EP [Y1], EP [Y2]]

12Here |A| denotes cardinality of a finite set A.
13This notion of sup convergence could be modified to yield what is known as weak hypo-convergence,

which may then be used to study the convergence of hypo-graphs of ℓn to those of ℓ∞ as random closed sets,

extending e.g. the approach in Molchanov (2003) for the present problem. However, the weak convergence of

hypo-graphs is not of interest per se in this paper.
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is in the interior of Θ. Then S.1 holds, since V δ
n = V ∞

n = ΘI × Bδ for all sufficiently large

n. Also, finite-dimensional approximability S.3(B) can be easily verified. Therefore S.2 holds,

and we have that Cn(δ) →d C(δ) = sup(θ,λ)∈ΘI×Bδ
ℓ∞(θ, λ), in particular

Cn = Cn(δ) →d C = sup
θ∈ΘI

ℓ∞(θ, 0) = max
(
(W1)

2
+, (W2)

2
−
)
.

4. Analysis of Moment Condition Models

4.1. Moment Equalities. We will begin the discussion with the moment equaities. Recall

the set-up of the moment-equality model in Section 2. Here we have the identification region

of the form ΘI = {θ ∈ Θ : EP [mi(θ)] = 0]. Suppose there exist positive constants C and δ

such that for all ǫ ≥ 0

inf
θ∈Θ\Θǫ

I

‖EP [mi(θ)]‖ ≥ C · (ǫ ∧ δ). (4.1)

This is a partial identification condition. In the point-identified case, the full rank and conti-

nuity of the Jacobian ∇θEP [mi(θ)] near ΘI ordinarily imply (4.1), see Theorem 3.3 in Pakes

and Pollard (1998). In the set-identified case, the Jacobian may be degenerate, which neces-

sitates a more involved condition (4.1). For example, in the linear IV model discussed below

we have that EP [mi(θ)] = EP [ZX ′](θ− θ∗), where θ∗ is the closest point to θ in ΘI . Provided

that ‖θ∗ − θ‖ > 0, the vector (θ − θ∗) is orthogonal to the hyperplane {v : EP [ZX ′]v = 0}.
Hence if rank EP [ZX ′] is non-zero, we have ‖EP [ZX ′](θ − θ∗)‖2 ≥ ϕ · ‖θ − θ∗‖2, where ϕ is

the minimal positive eigenvalue of EP [XZ ′]EP [ZX ′].

The main stochastic assumption is that {mi(θ), θ ∈ Θ} is a P -Donsker class of functions.

By this is meant the following: (1) in the metric space L∞(Θ)

Gn[mi(θ)] :=
√

n
(
En[mi(θ)] − EP [mi(θ)]

)
⇒ ∆(θ), (4.2)

where ∆(θ) is a mean zero Gaussian process with a.s. continuous paths and V arP [∆(θ)] > 0

for each θ ∈ Θ. (2) It is assumed that the original probability space (Ω,F , P ) is rich enough

(or has been suitably augmented)14 such that there exists a map ∆n : Ω → L∞(Θ) such that

∆n(θ) =d Gn[mi(θ)] and ∆n(θ) = ∆(θ) + op(1) in L∞(Θ). 15 The second condition does not

involve loss of generality due to Skorohod-Dudley-Wichura Construction, see Theorem 1.10.4

14We shall use (Ω,F , P ) to denote the augmented probability space.
15Notation =d means equality in law: given two maps X and Y that map Ω to a metric space D, X =d Y

if EP∗ [f(X)] = EP∗ [f(Y )] for every bounded f : D 7→ IR, where EP∗ denotes outer expectation with respect

to P , see van der Vaart and Wellner (1996), p. 60.
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in van der Vaart and Wellner (1996) or Dudley (?). Other conditions are given in the following

assumption.

Condition M.1. Suppose the following conditions hold for the moment equality model of

Section 2: (a) Θ is a non-empty compact subset of IRd, and the criterion function Qn(θ) is

defined and is upper-semi-continuous over a neigborhood of Θ in IRd, and it is jointly measur-

able in θ and data w1, ..., wn defined on a complete probability space (Ω,F , P ), (b) Θ is such

that the graph of the local parameter space V δ
n converges to some set V δ

∞ in Hausdorff metric,

where V δ
∞ is non-decreasing in δ ≥ 0, (c) {mi(θ), θ ∈ Θ} satisfies P-Donsker condition stated

in (4.2), (d) EP [mi(θ)] satisfies partial identification condition (4.1) and has a continuous

Jacobian G(θ) = ∇θEP [mi(θ)] on a neigborhood of Θ in IRd, and (e) Wn(θ) = W (θ) + op(1)

uniformly in θ where W (θ) is positive definite and continuous for all θ ∈ Θ.

Most of these assumptions are standard and are needed to verify C.1, C.2, C.4 and other

main conditions. Condition M.1(b) is a generalization of the Chernoff (1954) condition, which

is needed for the analysis of false coverage, as discussed in Section 3.6, and for the second

part of Theorem 4.1 below. The graphical convergence in M.1(b) is a fairly weak notion

of convergence for correspondences, for instance it is conisderably weaker than the uniform

convergence supΘI
dH(V δ

n (θ), V δ
∞(θ)) = o(1), see e.g. Rockafellar and Wetts (?). Lemma 4.1

stated below provides further discussion of M.1(b). M.1(b) can be replaced by the classical

assumption that Θ is convex, in which case V δ
∞ has a very simple form stated in Lemma 4.1.

M.1(b) also holds trivially in the parameter in the interior case, as defined in Section 3.6, in

which case V δ
∞ = ΘI × Bδ.

Theorem 4.1 (Moment Equations). (1) Conditions M.1(a,c,d,e) imply C.1, C.2, C.4, C.5

with an = n, bn =
√

n. If condition M.1(b) also holds, then S.1-S.3 hold, and the sup-limit of

ℓn(θ, λ) := nQn(θ+λ/
√

n) is given by: ℓ∞(θ, λ) = ‖ (∆(θ) + G(θ)λ)′ W 1/2(θ)‖2. In particular,

C := sup
θ∈ΘI

ℓ∞(θ, 0) = sup
θ∈ΘI

‖∆(θ)′W 1/2(θ)‖2
(4.3)

where ∆(θ) is a zero-mean Gaussian process defined in (4.2).

(2) When Q̃n(θ) = Qn(θ) − infθ′∈Θ Qn(θ′) is used for inference, condition M.1 implies

C.1, C.2, C.4, and C.5, with γ = 2, an = n, bn =
√

n, the sup-limit of ℓ̃n(θ, λ) := nQn(θ +

λ/
√

n)−n infθ′∈Θ Qn(θ′) is given by: ℓ̃∞(θ, λ) = ℓ∞(θ, λ)−inf(θ′,λ′)∈V ∞

∞
ℓ∞(θ′, λ′), where V ∞

∞ :=

limδ↑∞ V δ
∞. In particular,

C := sup
θ∈ΘI

ℓ̃∞(θ, 0) = sup
θ∈ΘI

‖∆(θ)′W 1/2(θ)‖2 − inf
(θ,λ)∈V ∞

∞

‖(∆(θ) + G(θ)λ)′W 1/2(θ)‖2. (4.4)

19



The most basic implications are that, for ĉ →p c(α), the estimator Cn(ĉ+ln n) is consistent

at
√

ln n/n rate with respect the Hausdorff distance, and the confidence region Cn(ĉ) has

asymptotic coverage at least α, but it need not be necessarily consistent. The sup-limit ℓ∞

of the empirical process ℓn obtained by the theorem describes the limit behavior of related

inferential statistics, following Section 3.6. Lastly, notice that compactness of ΘI , induced by

compactness of Θ, insures that the limit variable C is finite.

Remark 4.1. (Critical Values for (4.3)) The quantiles of C in (4.3) can be obtained by either

simulation, bootstrap, or the generic subsampling method of Section 3.5. For instance, if the

data are i.i.d., we can estimate the distribution of C by making the simulation draws of

C∗
n := sup

θ∈bΘI

‖∆∗
n(θ)′W 1/2

n (θ)‖2, where ∆∗
n(θ) = n−1/2

n∑

i=1

[mi(θ)ζi],

by making draws of the vector (ζi, i ≤ n) as a vector of i.i.d. N(0, 1) variables. ∆∗
n(θ)

is a zero-mean Gaussian process in L∞(Θ) with covariance function En[mi(θ)mi(θ
′)′]. Then

En[mi(θ)mi(θ
′)′] = EP [m(θ)mi(θ

′)′]+op(1) uniformly in (θ, θ′) ∈ Θ provided {mi(θ)mi(θ
′)′, θ ∈

Θ} is P-Glivenko-Cantelli. Thus the distance between the law of ∆∗
n(θ) and the law of ∆(θ),

in the weak convergence metric, converges in probability to zero. Since ∆∗
n(θ) is stochasti-

cally equicontinuous, dH(Θ̂I , ΘI) = op(1), and supθ∈Θ ‖Wn(θ) − W (θ)‖ = op(1), the distance

between the law of C∗
n and the law of C, in the weak convergence metric, converges in prob-

ability to zero. The same argument applies if the distribution of ∆(θ) is obtained by the

nonparametric bootstrap with recentering.

Remark 4.2 (Critical Values for (4.4)). We can estimate the quantiles of C in (4.3) by simu-

lating the distribution of the variable C∗
n := supθ∈bΘI

‖∆∗
n(θ)′W

1/2
n (θ)‖2 − infθ+λ/

√
n∈Θ ‖(∆(θ) +

Ĝ(θ)λ)′W
1/2
n (θ)‖2, where Ĝ(θ) is a uniformly consistent estimate of ∇θEP [mi(θ)].

Example 3 (Contd.) In order to illustrate Theorem 4.1, it is helpful to consider the

standard linear instrumental moment condition EP [(Y − X ′θ)Z] = 0, θ ∈ Θ ⊆ IRd. A finite-

sample and a population criterion function for this problem can be defined as: Qn(θ) =

‖En[(Y − X ′θ)Z] W
1/2
n (θ)‖2, and Q(θ) = ‖EP [(Y − Xθ)Z]W 1/2(θ)‖2. Assume that 0 <

r = rank EP [XZ ′] ≤ d, so that the identified set consists of a d − r-dimensional linear

subspace of IRd intersected with Θ: ΘI = Θ ∩ {θ : (θ − θ∗)′EP [XZ ′] = 0}, where θ∗ is

such that EP [(Y − X ′θ∗)Z] = 0. The partial identification condition is satisfied as stated

earlier, just prior to Theorem 4.1. Suppose that {(Y − X ′θ)′Z, θ ∈ Θ} is P -Donsker, then

Qn(θ) converges to Q(θ) at the rate 1/
√

n over Θ and rate 1/n over ΘI . This means that
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an = n and bn =
√

n. Further, consider the empirical process ℓn(θ, λ) := nQn(θ + λ/
√

n) =

‖(∆n(θ) + En[ZX ′]λ)W
1/2
n (θ)‖2, and ∆n(θ) :=

√
nEn[(Yi − X ′

iθ)Zi]. The finite-dimensional

and the sup-limit are given by ℓ∞(θ, λ) = ‖(∆(θ) + EP [ZX ′]λ)W 1/2(θ)‖2, where θ 7→ ∆(θ) is

the weak limit of the empirical process θ 7→ ∆n(θ) in L∞(ΘI). This implies in particular that

Cn := supθ∈ΘI
ℓn(θ, 0) →d C := supθ∈ΘI

ℓ∞(θ, 0).

The form of Θ plays an important role as it determines the limit form of local parameter

spaces and statistics Cn(δ) which behavior determines the probability of false coverage.

Lemma 4.1 (Chernoff Regularity for Moment Equations). Sufficient condition for V δ
n to con-

verge in Hausdorff metric to some set V δ
∞, which is non-decreasing in δ ≥ 0, are the following:

(1) suppose there exists δ > 0 such that Bδ(θ) ⊂ Θ for each θ ∈ ΘI , where Bδ(θ) is a closed

ball in IRd of radius δ centered at θ. Then, V δ
n = V δ

∞ = ΘI ×Bδ for all sufficiently large n. (2)

Suppose Θ = Θg ∩R
r=1 {θ ∈ IRd : gr(θ) = 0}, where Θg is a compact and convex set and ∇gr(θ)

is of constant row rank over a neigborhood of ΘI in IRd. Then the above convergence holds with

V δ
∞ that has V δ

∞(θ) = {λ ∈ Bδ : λ ∈
√

n′(Θg − θ) for some n′ ≥ 1,∇θgr(θ)
′λ = 0, r = 1, ..., R}.

Lemma 4.1 provides the sufficient condition for S.1 to hold. Case (1) is the parameter in

the interior case that may arise e.g. when ΘI is a collection of isolated points that are in the

interior of Θ relative to R
d, in which case V δ

∞ has a trivial form. Case (2) addresses parameter

on the boundary cases, and covers the convex parameter space Θg as well the parameter

space generated by an intersection of Θg with several manifolds that could represent various

restrictions put on the parameter space; in these cases, the limit local parameter spaces V δ
∞(θ)

are given (up to a closure) by tangent cones of Θ at θ intersected with the ball Bδ. This

extends the results obtained for the point-identified cases, e.g. Chernoff (1954), Geyer, and

Andrews (2001).

4.2. Moment Inequalities. Recall the setup of the moment-inequality model in Section 2,

where ΘI = {θ ∈ Θ : ‖EP [mi(θ)]‖+ = 0]. Let there be positive constants (C, δ, η) such that

inf
θ∈Θ\Θǫ

I

‖EP [mi(θ)]‖+ ≥ C · (ǫ ∧ δ), (4.5)

for all ǫ ≥ 0 and, recalling that mi(θ) is a J-vector with components (mij(θ), j = 1, ..., J),

max
j

sup
θ∈Θ−ǫ

I

EP [mij(θ)] ≤ −C · (ǫ ∧ δ),

dH(Θ−ǫ
I , ΘI) ≤ ǫ if ǫ ∈ [0, η].

(4.6)
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(4.5) is the partial identification condition. (4.6) states that moment equations are strictly

negative over the contraction of ΘI and that these contractions can approximate ΘI .(4.6) need

not hold generally, but is satisfied in many empirical examples listed in Section 2.

In order to state the regularity conditions, define ΘJ := {θ ∈ ΘI : EP [mij(θ)] = 0 ∀j ∈
J , EP [mij(θ)] < 0 ∀j ∈ J c}, where J is any (non-empty) subset of {1, ..., J} and J c is the

complement of J relative to {1, ..., J}.

Condition M.2. Suppose the following conditions hold for the moment equality model of

Section 2: (a) Θ is a non-empty compact subset of IRd, and the criterion function Qn(θ)

is defined and is upper-semi-continuous over a neigborhood of Θ in IRd, and it is jointly

measurable in θ and data w1, ..., wn defined on a complete probability space (Ω,F , P ), (b) the

graph of the local parameter space V δ
n |θ ∈ ΘJ converges to some set V δ

∞|θ ∈ ΘJ in Hausdorff

metric, where V δ
∞|θ ∈ ΘJ is non-decreasing in δ ≥ 0, for each J , (c) {mi(θ), θ ∈ Θ} satisfies

P-Donsker condition stated in (4.2), (d) EP [mi(θ)] satisfies partial identification condition

(4.5) and has continuous Jacobian G(θ) = ∇θEP [mi(θ)] on a neigborhood of Θ in IRd, (e)

Wn(θ) = W (θ) + op(1) uniformly in θ where W (θ) is diagonal matrix with positive diagonal

elements and is continuous for all θ ∈ Θ, and (f) (4.6) holds.

Most of these assumptions are standard and are needed to verify C.1, C.2, C.4 and other

main conditions. Condition M.2(c) is an assumption of Chernoff type, which is needed for the

analysis of false coverage, as discussed in Section 3.6, and for the second part of Theorem 4.2

below. Lemma 4.2 stated below provides further discussion of M.2(c). M.2(c) can be replaced

by the classical assumption that Θ is convex, in which case V δ
∞ has a very simple form stated

in Lemma 4.1.

Theorem 4.2 (Moment Inequalities). (1) Conditions M.2(a,c,d) imply C.1, C.2, C.4, C.5

with γ = 2, an = n, bn =
√

n. If further condition M.2(b) holds, then S.1-S.3 holds, and the

sup-limit of ℓn(θ, λ) := nQn(θ+λ/
√

n) is given by: ℓ∞(θ, λ) = ‖ (∆(θ) + G(θ)λ + ξ(θ))′ W 1/2(θ)‖2
+.

If further condition M.2 (f) holds, then C.3 holds. In particular,

C = sup
θ∈ΘI

ℓ∞(θ, 0) = sup
θ∈ΘI

‖(∆(θ) + ξ(θ))′W 1/2(θ)‖2
+, (4.7)

where ∆(θ) is a zero-mean Gaussian process defined in (4.2) and ξ(θ) = (ξj(θ), j ≤ J) with

ξj(θ) = −∞ if E[mij(θ)] < 0 and ξj(θ) = 0 if E[mij(θ)] = 0.

(2) When Q̃n(θ) = Qn(θ) − infθ′∈Θ Qn(θ′) is used for inference, conditions M.2(a,b, c,d)

implies C.1, C.2, C.4, and C.5, S.1-S.3. In particular, with γ = 2, an = n, bn =
√

n, the
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sup-limit of ℓ̃n(θ, λ) := nQn(θ + λ/
√

n) − n infθ′∈Θ Qn(θ′) is given by: ℓ̃∞(θ, λ) = ℓ∞(θ, λ) −
inf(θ′,λ′)∈V ∞

∞
ℓ∞(θ′, λ′), where V ∞

∞ := limδ↑∞ V δ
∞. In particular C = supθ∈ΘI

ℓ̃∞(θ, 0), i.e.

C = sup
θ∈ΘI

‖(∆(θ) + ξ(θ))′W 1/2(θ)‖2 − inf
(θ,λ)∈V ∞

∞

‖(∆(θ) + G(θ)λ + ξ(θ))′W 1/2(θ)‖2, (4.8)

where the second term equals zero if M.2(f) holds.

The most basic implications are that, for ĉ →p c(α), the estimator Cn(ĉ) is consistent at

1/
√

n rate with respect the Hausdorff distance, and as a confidence region has asymptotic

coverage at least α. The sup-limit ℓ∞ of the empirical process ℓn obtained by the theorem

describes the limit behavior of related inferential statistics, following Section 3.6. Lastly,

notice that compactness of ΘI , induced by compactness of Θ, insures that the limit variable

C is finite.

Remark 4.3 (Critical Values for (4.7)). The quantiles of C in (4.7) can be obtained by either

simulation, bootstrap, or the generic subsampling method of Section 3.5. For instance, if the

data are i.i.d., we can estimate the distribution of C by making the simulation draws of

C∗
n := sup

θ∈bΘI

‖(∆∗
n(θ) + ξ̂(θ))′W 1/2

n (θ)‖2, where ∆∗
n(θ) = n−1/2

n∑

i=1

[mi(θ)ζi],

by making draws of the vector (ζi, i ≤ n) as a vector of i.i.d. N(0, 1) variables. ∆∗
n(θ) is a

zero-mean Gaussian process in L∞(Θ) with covariance function En[mi(θ)mi(θ
′)′], as defined

in Remark 4.1. ξ̂(θ) := (ξ̂j(θ), j = 1, ..., J)′ with ξ̂j(θ) := −∞ if En[mij(θ)] ≤ −cj log n/
√

n,

and ξ̂j(θ) := 0 if En[mij(θ)] > −cj log n/
√

n.

The form of Θ plays an important role as it determines the limit form of local parameter

spaces and statistics Cn(δ) which behavior determines the probability of false coverage.

Lemma 4.2 (Chernoff Regularity for Moment Inequalities). A sufficient condition for the

graph of the local parameter space V δ
n |θ ∈ ΘJ to converge in Hausdorff metric to some set

V δ
∞|θ ∈ ΘJ that is non-decreasing in δ ≥ 0 is the following. (1) suppose there exists δ > 0 such

that Bδ(θ) ⊂ Θ for each θ ∈ ΘI , where Bδ(θ) is a closed ball in IRd of radius δ centered at

θ. Then, V δ
n = V δ

∞ = ΘI × Bδ for all sufficiently large n. (2) Suppose Θ = Θg ∩R
r=1 {θ ∈

IRd : gr(θ) = 0}, where Θg is a compact and convex set and ∇gr(θ) is of constant row

rank over a neigborhood of ΘI in IRd. Then the above convergence holds with V δ
∞ that has

V δ
∞(θ) = {λ ∈ Bδ : λ ∈

√
n′(Θg − θ) for some n′ ≥ 1,∇θgr(θ)

′λ = 0, r = 1, ..., R}.
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Lemma 4.2 is similar to Lemma 4.1 and the comments that are similar to those stated

after Lemma 4.1 apply here.

Appendix A. Notation

The following standard notation for empirical processes will be used:

En[f(W )] :=
1

n

n∑

i=1

f(Wi), Gn[f(W )] :=
1√
n

n∑

i=1

(f(Wi) − EP f(Wi)) .

The notions of convergence are defined, including outer and inner probabilities, P ∗ and P∗, follow those

defined in van der Vaart and Wellner (1996). For instance, →p denotes convergence in outer probability, wp

→ 1 means “with the inner probability approaching 1”; X =d Y means that for every bounded real function

h, EP∗ [h(X)] = EP∗ [h(Y )]; the stochastic order notations Op(1) and op(1) are with respect to P ∗, unless

otherwise stated. Notation =d means equality in law: given two elements X and Y that map Ω to a metric space

D, X =d Y if EP∗ [f(X)] = EP∗ [f(Y )] for every bounded f : D 7→ IR, where EP∗ denotes outer expectation with

respect to P , see van der Vaart and Wellner (1996), p. 60. Let ‖x‖+ = ‖max(x, 0)‖ and ‖x‖− = ‖max(−x, 0)‖,
where in the case of vectors the max operations are elementwise. Bδ denotes a closed ball of diameter δ

centered at the origin. In many instances, we will use abbreviated notation infA f to mean infa∈A f(a), unless

an ambiguity arises, in which case the latter notation is used. The Hausdorff distance between subsets A and B

of IRd is defined as dH(A,B) := h(B,A)∨h(A,B), where h(A,B) := supb∈B infa∈A ‖a− b‖ and h(A,B) := ∞
if either A or B is empty. The ǫ-expansion of ΘI is defined as Θǫ

I := {θ ∈ Θ : ‖θ− θ′‖ ≤ ǫ, for some θ′ ∈ ΘI},
and the ǫ-contraction of ΘI as Θ−ǫ

I := {θ ∈ ΘI : ‖θ − θ′‖ > ǫ,∀θ′ ∈ Θ \ ΘI}, where ǫ ≥ 0.

Appendix B. Proofs for Section 3

B.1. Proof of Theorem 3.1: Proof of Part (1). Step (a). wp → 1 by C.1(e) and by ĉ →p ∞,

infΘI
Qn = Op(1/an) < ĉ/an, which implies ΘI ⊆ Θ̂I , which implies h(Θ̂I ,ΘI) = 0. Step (b). For any ǫ > 0,

infΘ\Θǫ
I
Qn =(i) infΘ\Θǫ

I
Q + op(1) ≥(ii) δ(ǫ) + op(1) for some δ(ǫ) > 0, where (i) follows follows from uniform

convergence as assumed in C.1(d) and (ii) from Q uniquely minimized on ΘI as assumed in C.1(b). Similarly

supbΘI
Q = supbΘI

Qn + op(1) ≤(i) ĉ/an + op(1) =(ii) op(1), where (i) holds by construction of Θ̂I and (ii) holds

by ĉ/an →p 0. Hence supbΘ Q < δ = infΘ\Θǫ
I
Q wp → 1. Hence Θ̂I ∩ (Θ \ Θǫ

I) = ⊘ wp → 1, which implies

Θ̂I ⊆ Θǫ
I , which implies h(ΘI , Θ̂I) ≤ ǫ. Therefore, dH(Θ̂I ,Θ) ≤ ǫ wp → 1. Since ǫ > 0 is arbitrary, the result

is proven.

Proof of Part (2). For any ε > 0 there exists nε such that for all n > nε we have ĉ/an < δ

and ĉ/an > κε/an, by ĉ →p ∞ and ĉ/an →p 0; therefore, by C.2 with probability larger than 1 − ε,

inf
Θ\Θ[bc/(anκ)]1/γ

I

anQn(θ) ≥ ĉ. By construction of Θ̂I , we have that supbΘ anQn ≤ ĉ. Hence Θ̂I ⊆ Θ
[bc/(anκ)]1/γ

I .

Hence, combining with the proof of (1) step (a), we have that dH(Θ̂I ,ΘI) ≤ [ĉ/(anκ)]1/γ . Therefore

dH(Θ̂I ,ΘI) = Op([ĉ/an]1/γ). �

B.2. Proof of Theorem 3.2. . Proof of Part (1). Fix any ǫ ∈ (0, η]. It follows that wp → 1, Θ−ǫ
I ⊆(i)

Cn(ĉ′) ⊆(ii) Cn(ĉ) ⊆(iii) Θǫ
I , where ĉ is from Theorem 3.1. inclusion (i) follows since supΘǫ

I
anQn = 0 ≤ ĉ′

wp → 1, by C.3(b), (ii) follows from ĉ > ĉ′ wp → 1, and (iii) follows from Part 1 of Theorem 3.1. Since

dH(Θ−ǫ
I ,ΘI) ≤ ǫ by condition C.3(a) and dH(Θǫ

I ,ΘI) ≤ ǫ by definition of Θǫ
I , it follows that dH(ΘI , Cn(ĉ′)) ≤

2ǫ. Part 1 follows.
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Proof of Part (2). Let ǫn be the smallest non-negative number such that supΘ−ǫn
I

anQn = 0. By

condition C.3(c) ǫn = Op(a
−1/γ
n ). Hence by C.3(a) and C.3(c), dH(Θ−ǫn ,ΘI) = Op(a

−1/γ
n ). Then we have

that Θ−ǫn

I ⊆ Cn(ĉ′) ⊆ Cn(2c) wp → 1, where recall ĉ′ = c + op(1). It can be shown, similarly to the

proof of part 2 of Theorem 3.1 that Cn(2c) ⊆ Θ
(δ/an)1/γ

I wp & 1 − ε for δ large enough. Conclude that

dH(Cn(ĉ),ΘI) = Op(a
−1/γ
n ). �

B.3. Proof of Lemma 3.1. Proof of Part (1). Clearly, Cn = supθ∈ΘI
anQn(θ) ≤ c implies ΘI ⊆

Cn(c) = {θ ∈ Θ : anQn(θ) ≤ c} by upper-semi-continuity of Qn : Θ 7→ IR+. Conversely, ΘI ⊆ Cn(c)

implies Cn = supθ∈ΘI
anQn(θ) ≤ c. Proof of Part (2). The result is elementary and its proof is therefore

omitted. �

B.4. Proof of Theorem 3.3. Proof of Part (1). It suffices to prove the result for ĉ1 only. The proof for

any subsequent step is identical to this proof, since ĉ1 is allowed to be data-dependent. Step 1 is special to

our problem, while Step 2 is standard for subsampling.

Step 1. By Theorem 3.1 or Theorem 3.2 wp → 1, we have that Θηn

I ⊆ Cn(ĉ) ⊆ Θǫn

I , where ǫn :=

(lnn/an)1/γ and ηn := −ǫn, if C.3 holds, and ηn := 0, if C.3 does not hold. Hence wp → 1,

Cj,b,n := sup
Θηn

I

abQj,b,n ≤ Ĉj,b,n := sup
Cn(bc) abQj,b,n ≤ Cj,b,n := sup

Θǫn
I

abQj,b,n, for all j ≤ Bn,

where index j denotes that the statistic was computed using j-th subsample; total number of subsamples is

Bn. Define Ĝb,n(x) := B−1
n

∑Bn

j=1 1{Ĉj,b,n ≤ x}. Hence wp → 1

Gb,n(x) := B−1
n

Bn∑

j=1

1{Cj,b,n ≤ x} ≤ Ĝb,n(x) ≤ Gb,n(x) := B−1
n

Bn∑

j=1

1{Cj,b,n ≤ x}.

By restrictions on the subsample size b and the rate an stated in conditions (b,c) of this theorem, ǫn = o(1/a
1/γ
b )

and ηn = o(1/a
1/γ
b ). Define Cb := supΘηn

I
abQb and Cb := supΘǫn

I
abQb. By C.4 and C.5 and by Step 2 below

Gb,n(x) →p G(x) and Gb,n(x) →p G(x) = P{C ≤ x}, for each x ≥ 0. (B.1)

which proves that Ĝb,n(x) →p G(x) for each x ≥ 0. It follows that ĉ := Ĝ−1
b,n(α) →p G−1(α) whenever

G−1(α) > 0. If G−1(α) = 0, then the result still follows by monotonicity of quantile function and continuity

of G−1(α) in α ≥ 0. 16

Step 2. Write Gb,n(x)
(1)
= EP [Gb,n(x)] + op(1) = P{Cb ≤ x} + op(1)

(2)
= P{C ≤ x} + op(1) at each x ≥ 0.

Conclusion (2) follows by C.5 and C.4. Conclusion (1) follows by VarP (B−1
n

∑Bn

j=1 1{Cj,b,n ≤ x}) = o (1)

where the term o (1) does not depend on P under i.i.d sampling and depends on α-mixing coefficients for the

stationary mixing series. This follows by the Hoeffding inequality for bounded U -statistics for i.i.d. series, and

by an upper bound on covariance for α-mixing series given in the proof of Theorem 3.2.1 in Politis, Romano,

and Wolf (1999). Likewise, conclude Gb,n(x) →p G(x) = P{C ≤ x}.
Proof of Part (2). The result follows from Lemma 3.1 �

16Indeed let α∗ = P{C = 0}. Then for any ǫ > 0, we have Ĝ−1(α∗ + ǫ) →p G−1(α∗ + ǫ). Thus wp → 1,

0 ≤ Ĝ−1(α) ≤ Ĝ−1(α∗ + ǫ) ≤ G−1(α∗ + ǫ)+ ǫ. Since ǫ > 0 is arbitrary, and G−1(α∗ + ǫ) is continuous in ǫ ≥ 0

by C.4, it follows that Ĝ−1(α) →p G−1(α∗) = G−1(α) = 0.
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B.5. Proof of Lemma 3.2. Proof of Part (1). That S.1 and S.2 imply (3.3) is immediate.

Proof of Part (2). This part shows that S.3 implies S.2. Note for any δ ≥ 0 and ε > 0 there exists a

finite set M(ε) ⊂ V δ
∞ such that

lim sup
n→∞

P{sup
V δ
∞

ℓn ≤ r} ≤(i) lim sup
n→∞

P{ sup
M(ε)

ℓn ≤ r} ≤(ii) P{ sup
M(ε)

ℓ∞ ≤ r} ≤(iii) P{sup
V δ
∞

ℓ∞ ≤ r + ε} + ε,

where inequality (i) follows from supV δ
∞

ℓn ≥ supM(ε) ℓn, (ii) from finite-dimensional convergence condition

S.3(A), and (iii) from finite-dimensional approximability condition S.3(B) applied for n = ∞. Since ε is

arbitrary, lim supn→∞ P{supV δ
∞

ℓn ≤ r} ≤ P{supV δ
∞

ℓ∞ ≤ r}. Further, for any δ ≥ 0 and ε > 0 there exists

finite set M(ε) ⊂ V δ
∞ such that

lim inf
n→∞

P{sup
V δ
∞

ℓn < r} ≥(i) lim inf
n→∞

P{ sup
M(ε)

ℓn < r − ε} − ε

≥(ii) P{ sup
M(ε)

ℓ∞ < r − ε} − ε ≥(iii) P{sup
V δ
∞

ℓ∞ < r − ε} − ε,

where inequality (i) follows from the finite-dimensional approximability condition S.3(B), (ii) from finite-

dimensional convergence condition S.3(A), and (iii) from supV δ
∞

ℓ∞ ≥ supM(ε) ℓ∞. Since ε is arbitrary,

lim infn→∞ P{supV δ
∞

ℓn < r} ≥ P{supV δ
∞

ℓ∞ < r}. Conclude by the Portmanteu lemma that infV δ
n

ℓn →d

infV δ
∞

ℓ∞. The joint convergence of several statistics in S.2 follows similarly. �

Appendix C. Proofs for Section 4

C.1. Proof of Theorem 4.1. Proof of Part (1). The proof is organized in the following steps: Step 1

verifies C.1 and C.2. Step 2 gives an auxiliary basic approximation for ℓn. Using Step 2, Step 3 verifies C.3,

Step 4 verifies C.5, and Step 5 verifies S.1-S.3.

Step 1. (C.1 and C.2: Uniform Convergence and Quadratic Minorants) C.1 is immediate from M.1(a,c,d,e).

In particular, uniform convergence and the rates of convergence an = n and bn =
√

n in C.1 follow from

{mi(θ), θ ∈ Θ} being P -Donsker and having EP [mi(θ)] = 0 on ΘI . To verify C.2 observe that wp → 1,

uniformly in θ ∈ Θ

nQn(θ) = ‖(Gn[mi(θ)] +
√

nEP [mi(θ)])W
1/2
n (θ)‖2 by definition

≥ ζ · ‖Gn[mi(θ)] +
√

nEP [mi(θ)]‖2 by inf
θ∈Θ

mineig Wn(θ) ≥ ζ > 0, wp → 1, by M.1(e)

≥ ζ · |
√

n‖EP [mi(θ)]‖ − ‖Gn[mi(θ)]‖|2 by inequality ‖x + y‖ ≥ |‖y‖ − ‖x‖|
≥ ζ · |C ·

√
n( min

θ′∈ΘI

‖θ − θ′‖ ∧ δ) − Op(1)|2, by sup
θ∈Θ

‖Gn[mi(θ)]‖ = Op(1) and M.1(d),

(C.1)

where supθ∈Θ ‖Gn[mi(θ)]‖ = Op(1) follows from P-Donskerness. Therefore, for any ε > 0 we can choose

(κε, nε) large enough so that for all n ≥ nε with probability at least 1 − ε

nQn(θ) ≥ 1

2
· ζ · C · n · min

θ′∈ΘI

‖θ − θ′‖2 uniformly on {θ ∈ Θ : κε/n1/2 ≤ min
θ′∈ΘI

‖θ − θ′‖ ≤ δ}.

This verifies C.2.

Step 2 (A Preliminary Basic Expansion). Write ℓn(θ, λ) = ‖√nEn[mi(θ + λ/
√

n]′W 1/2
n (θ + λ/

√
n)‖2 =

‖ (Gn[mi(θ + λ/
√

n)] +
√

nEP [mi(θ + λ/
√

n)])
′
W

1/2
n (θ + λ/

√
n)‖2. For any non-empty compact subset K of

IRd, we have uniformly in (θ, λ) ∈ ΘI × K: (1) Gn[mi(θ + λ/
√

n)] = Gn[mi(θ)] + op(1), by P -Donskerness,

(2) Wn(θ + λ/
√

n) = W (θ) + op(1), by M.1(e), (3)
√

nEP [mi(θ + λ/
√

n)] = G(θ)λ + o(1), by M.1(d), (4)
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Gn[mi(θ)] =d ∆(θ) + op(1) in L∞(Θ), by P-Donskerness, where ∆(θ) is the Gaussian process defined in the

statement of the theorem.17 These results imply that

ℓn(θ, λ) =d ‖(∆(θ) + G(θ)λ)′W 1/2(θ)‖2

︸ ︷︷ ︸
ℓ∞(θ,λ)

+op(1) in L∞(ΘI × K).

Note that ℓ∞(θ, λ) is stochastically equicontinuous in L∞(ΘI × K), because (θ, λ) 7→ (∆(θ), G(θ)λ,W (θ)) is

stochastically equicontinuous in L∞(ΘI × K).

Step 3 (C.4: Convergence of Cn). By Step 2, Cn =d supθ∈ΘI
‖∆(θ)′W 1/2(θ)‖2 +op(1) ≡ C+op(1), where

C > 0 a.s. and has continuous distribution function by Theorem 11.1 of Davydov, Lifshits, and Smorodina

(1998). This verifies C.4.

Step 4 (C.5: Approximablity of Cn). By Step 2

Cn(δn) = sup
θ∈Θ

δn/
√

n
I

nQn(θ) =d sup
θ∈Θ

δn/
√

n
I

‖∆(θ)′W 1/2(θ)‖ + op(1) =d sup
θ∈ΘI

‖∆(θ)′W 1/2(θ)‖
︸ ︷︷ ︸

C

+op(1),

where the last equality follows by stochastic equicontinuity of θ 7→ ∆(θ)′W 1/2(θ). This verifies C.5.

Step 5 (S.1-S.3: Limits of Related Statistics) This step shows that if M.1(b) holds in addition to

M.1(a,c,d,e), then S.1 and S.3 hold. S.3 implies S.2 by Lemma 3.2.

M.1(b) states dH(V δ
n , V δ

∞) = o(1). Then, for some ǫn ↓ 0, | supV δ
n

ℓn−supV δ
∞

ℓn| ≤ sup‖(θ,λ)−(θ′,λ′)‖≤ǫn
|ℓn(θ, λ)−

ℓn(θ′, λ′)| = sup‖(θ,λ)−(θ′,λ′)‖≤ǫn
|ℓ∞(θ, λ)−ℓ∞(θ′, λ′)+op(1)|+op(1) = op(1) by Step 2 and stochastic equicon-

tinuity of ℓ∞(θ, λ). This verifies S.1.

By Step 2, the finite-dimensional limit of ℓn(θ, λ) equals ℓ∞(θ, λ) = ‖(∆(θ) + G(θ)λ)′W 1/2(θ)‖2. This

verifies S.3(A).

Finally, note that by stochastic equicontinuity of ℓ∞(θ, λ) and Step 2, finite-dimensional approximability

condition S.3(B) is trivially satisfied. �

Proof of Part (2). The proof is similar to the proof of Part (1), and it is therefore omitted. In

particular, the term infθ′∈Θ nQn(θ′) can be arbitrarily well approximated by inf(θ,λ)∈V δ
n

nQn(θ + λ/
√

n) for a

sufficiently large δ. Then as in Part (1) it follows that inf(θ,λ)∈V δ
n

nQn(θ + λ/
√

n) =d inf(θ,λ)∈V δ
∞

ℓ∞(θ, λ) +

op(1). Setting δ arbitrarily large, gives the result that infθ′∈Θ nQn(θ′) = inf(θ,λ)∈V ∞
∞

ℓ∞(θ, λ) + op(1). The

limit inf(θ,λ)∈V ∞
∞

ℓ∞(θ, λ) exists and is tight due to monotone convergence: As δ ↑ ∞, V δ
∞ ↑ V ∞

∞ , and

inf(θ,λ)∈V δ
∞

ℓ∞(θ, λ) ↓ inf(θ,λ)∈V δ
∞

ℓ∞(θ, λ) ≥ 0 a.s. �

C.2. Proof of Lemma 4.1. Proof of Part (1). This part holds trivially. �

Proof of Part (2). Consider the simplest case when Θ = Θg is convex and compact. Define V δ
∞(θ) =

{λ ∈ Bδ : λ ∈
√

n′(Θg − θ) for some n′}. Define V δ
n = {(θ, λ) : θ ∈ ΘI , λ ∈ √

n(Θg − θ)}. Note that V δ
n ⊆ V δ

∞
by convexity of Θg and V δ

n ↑ V δ
∞ monotonically in the set-theoretic sense. This implies convergence in the

Hausdorff distance because V δ
n and V δ

∞ are subsets of a compact set.

Further, let V 1δ
n denote V δ

n from the convex case. Define V δ
n := V 1δ

n ∩R
r=1 Mδ

nr, Mδ
nr = {(θ, λ) : θ ∈

ΘI , λ ∈ Bδ, gr(θ + λ/
√

n) = 0}, V δ
∞ := V 1δ

∞ ∩R
r=1 Mδ

∞r, Mδ
∞r := {(θ, λ) : θ ∈ ΘI , λ ∈ Bδ,∇θg(θ)′λ = 0}.

We have dH(V δ
n , V δ

n ) ≤ dH(V 1δ
∞ , V 1δ

∞ ) +
∑R

r=1 dH(Mnr,M∞r) = o(1),18 where the first term is o(1) by the

17Notation =d means equality in law: given two elements X and Y that map Ω to a metric space D, X =d Y

if EP∗ [f(X)] = EP∗ [f(Y )] for every bounded f : D 7→ IR, where EP∗ denotes outer expectation with respect

to P , see van der Vaart and Wellner (1996), p. 60.
18This follows by the repeated use of the elementary inequality dH(A ∩ B,C ∩ D) ≤ dH(A ∩ B,C ∩ B) +

dH(C ∩ D,C ∩ B) ≤ dH(A ∩ C) + dH(B ∩ D).
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argument for the convex case and the second term is bounded by
∑R

r=1 supθ∈ΘI
dH(Mnr(θ),M∞r(θ)), which

is o(1) by an argument similar to that in Lemma 5 in Andrews (1999). �

C.3. Proof of Theorem 4.2. Proof of Part (1). The proof is organized as follows: Step 1 verifies C.1,

C.2, and C.3. Step 2 gives an auxiliary basic approximation for ℓn. Lemma C.1 gives another approximation;

its proof follows this proof. Using Steps 2 and Lemma C.1, Step 3 verifies C.3, Step 4 verifies C.5, and Step 6

verifies S.1-S.3.

Step 1 (Verification of C.1, C.2, and C.3). C.1 is immediate from M.2(a,c,d,e). In particular, uniform

convergence and the rates of convergence an = n and bn =
√

n in C.1 follow from {mi(θ), θ ∈ Θ} being

P -Donsker and EP [mi(θ)] ≤ 0 on ΘI . To verify C.2 observe that wp → 1, uniformly in θ ∈ Θ

nQn(θ) = ‖(Gn[mi(θ)] +
√

nEP [mi(θ)])
′W 1/2

n (θ)‖2
+ by definition

≥ ζ · ‖Gn[mi(θ)] +
√

nEP [mi(θ)]‖2
+

by inf
θ∈Θ

mineig Wn(θ) ≥ ζ > 0 wp → 1, by M.2(e)

= ζ · ‖
√

nEP [mi(θ)]‖2
+ · (‖Gn[mi(θ)] +

√
nEP [mi(θ)]‖2

+

/
‖
√

nEP [mi(θ)]‖2
+).

(C.2)

By M.1(d), ‖√nEP [mi(θ)]+‖2
+ ≥ C · n · minθ′∈ΘI

(‖θ − θ′‖ ∧ δ)2 on Θ for some C > 0 and δ > 0. Therefore,

for any ε > 0 we can choose (κε, nǫ) large enough so that for all n ≥ nε with probability at least 1 − ε

nQn(θ) ≥ 1

2
· ζ · C · n · min

θ′∈ΘI

(‖θ − θ′‖ ∧ δ)2, uniformly in {θ ∈ Θ : κε/n1/2 ≤ min
θ′∈ΘI

‖θ − θ′‖}.

This follows by (C.2), by ‖y + x‖+/‖x‖+ → 1 as ‖x‖+ → ∞ for any y ∈ IRJ , and by supθ∈Θ ‖Gn[mi(θ)]‖ =

Op(1), where the latter holds by P-Donskerness. Therefore, for all n ≥ nε with probability at least 1 − ε

nQn(θ) ≥ 1

2
· ζ · C · n · min

θ′∈ΘI

‖θ − θ′‖2, uniformly in {θ ∈ Θ : κε/n1/2 ≤ min
θ′∈ΘI

‖θ − θ′‖ ≤ δ}.

This verifies condition C.2.

To verify C.3 observe that wp → 1, uniformly in θ ∈ ΘI

nQn(θ) = ‖(Gn[mi(θ)] +
√

nEP [mi(θ)])
′W 1/2

n (θ)‖2
+ by definition

≤ ζ ′ · ‖Gn[mi(θ)] +
√

nEP [mi(θ)]‖2
+ by sup

θ∈Θ
maxeig Wn(θ) ≤ ζ ′ < ∞ wp → 1, by M.2(e)

≤ ζ ′ ·
∑

j≤J

|Gn[mij(θ)] +
√

nEP [mij(θ)]|2+, where subscript j denotes j-th element of vector mi(θ)

≤ ζ ′ ·
∑

j≤J

|Op(1) −
√

n · C · inf
θ′∈Θ\ΘI

(‖θ − θ′‖ ∧ δ)|2+ for some C > 0 and δ > 0 by M.2(f).

Therefore, for any ε > 0 we can choose κε large enough so that for all n ≥ nε with probability at least 1 − ε

Qn(θ) = 0 uniformly on {θ ∈ Θ : κε/n1/2 ≤ inf
θ′∈Θ\ΘI

‖θ − θ′‖ ≤ δ}.

This verifies condition C.3.

Step 2. (A Basic Approximation). Write ℓn(θ, λ) = ‖√nEn[mi(θ + λ/
√

n)]′W 1/2
n (θ + λ/

√
n)‖2

+ ≡
‖ (Gn[mi(θ + λ/

√
n)] +

√
nEP [mi(θ + λ/

√
n)])

′
W

1/2
n (θ+λ/

√
n)‖2

+. We have for any δ > 0, uniformly in θ ∈ Θ

and λ ∈ Bδ: (1) Gn[mi(θ+λ/
√

n)] = Gn[mi(θ)]+op(1), by P -Donskerness, (2) Wn(θ+λ/
√

n) = W (θ)+op(1),

by M.2(e), (3)
√

nEP [mi(θ + λ/
√

n)] − √
nEP [mi(θ)] = G(θ)λ + o(1), by M.2(d), (4) Gn[mi(θ)] =d ∆(θ) +
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op(1) in L∞(Θ), by P -Donskerness, where ∆(θ) is the Gaussian process defined in the statement of the

theorem. Therefore

ℓn(θ, λ) =d ‖(∆(θ) + G(θ)′λ +
√

nEP [mi(θ)])W
1/2(θ) + op(1)‖2

+, in L∞(ΘI × Bδ).

Steps 3,4, and 5 also make use of the following result.

Lemma C.1. The following approximation is true:

sup
V δ

n

ℓn(θ, λ) =d sup
V δ

n

‖(∆(θ) + G(θ)λ +
√

nEP [mi(θ)])
′W 1/2(θ) + op(1)‖2

+

(∗)
= sup

V δ
∞

‖(∆(θ) + G(θ)λ + ξ(θ))′W 1/2(θ) + op(1)‖2
+

= max
J

sup
V δ
∞|θ∈ΘJ

∑

j∈J
|(∆j(θ) + Gj(θ)

′λ)W
1/2
jj (θ) + op(1)|2+,

(C.3)

where ΘJ := {θ ∈ ΘI : EP [mij(θ)] = 0 ∀j ∈ J , EP [mij(θ)] < 0 ∀j ∈ J c}, J denotes any non-empty subset

of {1, ..., J}, and

ξj(θ) := 0 if EP [mij(θ)] = 0 and ξj(θ) := −∞ if EP [mij(θ)] < 0. (C.4)

Step 3. (C.3: Convergence of Cn) Application of Lemma C.1 for V 0
n = V 0

∞ = Θ × {0} yields

Cn = sup
θ∈ΘI

nQn(θ) =d sup
θ∈ΘI

‖(∆(θ) + ξ(θ))′W 1/2(θ) + op(1)‖2
+

= max
J

sup
θ∈ΘJ

∑

j∈J
|∆j(θ)

′W 1/2
jj (θ) + op(1)|2+.

(C.5)

Hence P [Cn ≤ c] → P [C ≤ c] for each c > 0, for C defined in the statement of the theorem. By Theorem 11.1 of

Davydov, Lifshits, and Smorodina (1998), non-degeneracy of the covariance function of ∆(θ) implies that C has

continuous distribution function on [0,∞) with a possible pointmass at c = 0. To show P [Cn = 0] → P [C = 0],

note that non-degeneracy implies that Y = maxJ maxj∈J supθ∈ΘJ
(∆j(θ))W

1/2
jj (θ) has continuous distribution

function on IR. Then by (C.5) P [Cn ≤ 0] is bounded above (below) by P [Y ≤ ǫn] with some ǫn ↓ 0 (ǫn ↑ 0),

and P [Y ≤ ǫn] → P [Y ≤ 0] = P [C ≤ 0]. This verifies condition C.4.

Step 4. (C.5: Approximablity of Cn) By Step 2

sup
θ∈Θ

δn/
√

n
I

nQn(θ) =d sup
θ∈Θ

δn/
√

n
I

‖(∆(θ) +
√

nEP [mi(θ)])
′W 1/2(θ) + op(1)‖2

+

and by stochastic equicontinuity of θ 7→ (∆(θ),W 1/2(θ)) and by sup‖θ′−θ‖≤δn/
√

n ‖√n(E[mi(θ)]−E[mi(θ
′)])‖ =

o(1) it follows that for any δn ↓ 0 or δn ↑ 0

sup
θ∈Θ

δn/
√

n
I

‖(∆(θ) +
√

nEP [mi(θ)])
′W 1/2(θ) + op(1)‖2

+ = sup
θ∈ΘI

‖(∆(θ) +
√

nEP [mi(θ)])
′W 1/2(θ) + op(1)‖2

+.

Then it follows as in Step 3 that P [Cn(δn) ≤ c] → P [C ≤ c] for each c ≥ 0. This verifies condition C.5.

Step 5. (Verification of S.1-3) S.1 follows from Lemma C.1. Further, in equation (C.3), for each J ,

supV δ
∞|θ∈ΘJ

∑
j∈J |(∆j(θ)+Gj(θ)

′λ)W
1/2
jj (θ)+op(1)|2+ admits finite-dimensional approximation by stochastic

equicontinuity of (θ, λ) 7→ (∆(θ), G(θ)λ,W (θ)) in L∞(Θ × Bδ), which implies S.3(B). By Step 2, the finite-

dimensional limit of ℓn(θ, λ) equals ℓ∞(θ, λ) := ‖(∆(θ) + G(θ)λ + ξ(θ))′W 1/2(θ)‖2
+, which verifies S.3(A). By

Lemma 3.2, S.3 implies S.2. �

Proof of Part (2). The proof is similar to the proof of Part (1), and it is therefore omitted. �

29



C.4. Proof of Lemma C.1. The first equality in (C.3) is immediate by Step 2. Equality (*) in (C.3), the

main claim of the lemma, is proven as follows. Define

fn(θ, λ) := ‖(∆(θ) + G(θ)λ +
√

nEP [mi(θ)])
′W 1/2(θ) + rn(θ, λ)‖2

+,

gn(θ, λ, ǫ) := ‖(∆(θ) + G(θ)λ + ξ(θ))′W 1/2(θ) + rn(θ, λ) + ǫ‖2
+,

where supθ∈ΘI ,λ∈Bδ
‖rn(θ, λ)‖ = op(1). Let Ωn,ε = {ω ∈ Ω : supθ∈ΘI ,λ∈Bδ

‖rn(θ, λ)‖ ≤ δn, supθ∈ΘI ,λ∈Bδ
‖∆(θ)‖ ≤

Kε}. For any ε > 0, there exists δn ↓ 0 and (Kε, nε) such that P (Ωn,ε) ≥ 1 − ε for all n ≥ nε.

The following facts imply equality (2) in (C.3):

(a) supV δ
n

fn(θ, λ) ≥ supV δ
n

gn(θ, λ, 0),

(b) supV δ
n

gn(θ, λ, 0) = supV δ
∞

gn(θ, λ, op(1)),

(c) wp → 1, supV δ
n

fn(θ, λ) ≤ supV δ
∞

gn(θ, λ, ǫn) for some ǫn ↓ 0.

Relation (a) follows from (C.4) and monotonicity: x ≥ x′ implies ‖(∆(θ) + G(θ)′λ + x)W 1/2(θ)‖2
+ ≥

‖(∆(θ) + G(θ)′λ + x′)W 1/2(θ)‖2
+, recalling that W (θ) is diagonal with positive diagonal entries.

To show relation (b). Write supV δ
n

gn(θ, λ, 0) = maxJ supV δ
n |θ∈ΘJ

∑
j∈J |(∆j(θ) + Gj(θ)

′λ)W
1/2
jj (θ) +

rn(θ, λ)|2+. Then by M.2(b) for every J , dH(V δ
n |θ ∈ ΘJ , V δ

∞|θ ∈ ΘJ ) = o(1), so that:

sup
V δ

n |θ∈ΘJ

∑

j∈J
|(∆j(θ) + Gj(θ)

′λ)W
1/2
jj (θ) + rn(θ, λ)|2+

= sup
V δ
∞|θ∈ΘJ

∑

j∈J
|(∆j(θ) + Gj(θ)

′λ)W
1/2
jj (θ) + rn(θ, λ) + op(1)|2+,

by stochastic equicontinuity of (θ, λ) 7→ (∆(θ), G(θ)λ,W (θ)) in L∞(Θ × Bδ). Relation (b) follows.

To show relation (c). Observe that for any θn ∈ ΘI converging to θ ∈ ΘI ,

lim sup
n

√
nEP [mij(θn)] ≤ ξj(θ) if ξj(θ) = 0, lim sup

n

√
nEP [mij(θn)] = ξj(θ) if ξj(θ) = −∞. (C.6)

Suppose that relation (c) does not hold, then there must exist constants ǫ > 0 and ε > 0 and a subsequence

(ωn(k), θn(k), λn(k)) with ωn(k) ∈ Ωn(k),ε, (θn(k), λn(k)) ∈ V δ
n(k), such that

lim
k

[fn(k)(θn(k), λn(k)) − sup
V δ
∞

gn(k)(θ, λ, ǫ)](ωn(k)) > 0. (C.7)

Select a further subsequence such that θn(k(l)) → θ∗ and λn(k(l)) → λ∗, where (θ∗, λ∗) is in the closure of

V δ
∞ by dH(V δ

n , V δ
∞) → 0 and by V δ

∞ ⊆ ΘI × Bδ. By uppersemicontinuity of gn(θ, λ, ǫ) over ΘI × Bδ, we

have that supV δ
∞

gn(k)(θ, λ, ǫ) ≥ gn(k(l))(θ
∗, λ∗, ǫ) and by (C.7) we have that liml[fn(k(l))(θn(k(l)), λn(k(l))) −

gn(k(l))(θ
∗, λ∗, ǫ)](ωn(k(l))) > 0. This inequality can occur only if lim supl

√
n(k(l))EP [mij(θn(k(l)))] > ξj(θ

∗)

for some j, since fn and gn are monotone in and differ only in terms
√

nEP [mi(θ)] and ξ(θ), respectively. This

is a contradiction to (C.6). Relation (c) follows. �

C.5. Proof of Lemma 4.2. Define V δ
n,J := V δ

n |θ ∈ ΘJ . Apply the proof of Lemma 4.1 for V δ
n to V δ

n,J . �

Appendix D. Pointwise Approach

Suppose that one is interested in a special parameter θ∗ inside ΘI . The inference about some θ∗ in ΘI

is well motivated, when there is a sense in which θ∗ is the true parameter. This case typically arises in

non-structural analysis or when it is believed that the models are correct representations of data-generating

processes for some parameter value, i.e. there is θ∗ ∈ IRd such that the model law Pθ agrees with the actual

law of data P . In this scenario, ΘI is not of interest per se, but rather θ∗ is.
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Condition C.6. Suppose there exists an → ∞ such that P (an(Qn(θ)) ≤ c) → P (C(θ) ≤ c) for each c ≥ 0 for

all θ ∈ ΘI where C(θ) is a random variable that has has continuous distribution function on [0,∞). Denote

its α-quantile as c(α, θ). Moreover, for at least one θ ∈ ΘI , C(θ) > 0 with positive probability.

Two types of regions will be considered. The first region employs a critical value that does not depend on

θ:

Cn(ĉ∗) = {θ ∈ Θ̂I : an(Qn(θ) ≤ ĉ∗}. (D.1)

where ĉ∗α = supθ∈ΘI
ĉ(α, θ) where ĉ(α, θ) →p c(α, θ) for each θ ∈ ΘI . These estimates can be obtained by

subsampling or, for the moment condition models, through the use of the limit distributions described above.

Further, Θ̂I is any consistent estimator such that ΘI ⊂ Θ̂I wp → 1. For instance, if Θ̂I = Cn(ĉ + κn)

from Theorem 3.4, the above region reduces to Cn(ĉ∗) = {θ ∈ Θ̂ : anQn(θ) ≤ min[ĉ∗, ĉ + κn]}. Let ĉ∗ let

ĉ∗α = supθI
ĉθ(α) where ĉθ(α) →p cθ(α) for each θ ∈ ΘI . These estimates can be obtained by subsampling or,

for the moment condition models, through the use of the limit distributions described above. Another region,

that employs critical values that depend on θ is constructed as:

Cn(ĉ(α, ·)) = {θ ∈ Θ̂I : an(Qn(θ) ≤ ĉ(α, θ)}. (D.2)

The two constructions would actually be equivalent in most cases, since the objective functions can be trans-

formed to have equal quantiles at point where the asymptotics is not degenerate. The fist construction is more

parsimonious.

The construction of either region employs the pointwise inversions of tests of point hypotheses, a con-

struction that follows Anderson and Rubin. In the special cases of weakly identified and unidentified linear

instrumental variable models, the construction has been used by Dufour and Stock and Steiger, among others.

In another special case, a partially identified the dynamic censored regression model, Hu (2003), employed

the region (??) for her inference. In another special case, partially identified instrumental variable quantile

regression model, Chernozhukov and Hansen (2004) construct regions by employing the region (??).

Theorem D.1. Suppose that Assumptions A.1 and A.4 hold. Let ĉ∗α = supθI
ĉα(θI). Then for any θ∗ in ΘI

lim infn→∞ P{θ∗ ∈ Cn(ĉ∗α)} ≥ α. Likewise, a corollary is that Cn(ĉ∗α(·)) also covers θ∗ with probability α.

Proof: We have lim infn→∞ P{θ∗ ∈ Cn(c∗α)} = lim infn→∞ P{an (Qn(θ∗)) ≤ supθI
cα(θ)}

(1)

≥ lim infn→∞ P{an (Qn(θ∗)) ≤ cα(θ∗)} ≥ (1 or α) ≥ α. �

The theorem above is constructed using the Anderson-Rubin pointwise testing principle. Notice that the

confidence set constructed in the theorem above is necessarily smaller than the regionwise confidence set in

Theorem 2.1.

In method of moments settings, a similar problem has been already investigated in the context of and

GMM weak or complete unidentification e.g. Staiger and Stock (1997), Kleibergen (2002), dynamic model

with censoring by Hu (2002), IV quantile estimation by Chernozhukov and Hansen (2003). Imbens and Manski

(2004) investigate the Wald type inference about θ∗ for the special case where a real parameter of interest is

known to lie in an interval with endpoints that can be consistently estimated. Here we provide further insights

concerning the pointwise inference in its relation to regionwise inference.

Corollary D.1. Notice also that as a byproduct of our derivation, inequality (1) shows that the set

Cn(cα(·)) = {θ∗ ∈ Θ̂I : an (Qn(θ∗)) ≤ cα(θ∗)} (D.3)

also has the α pointwise coverage, where Θ̂I is such that it covers Θ with probability converging to 1.
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Hu (2001) proposed the set (D.3) in the context of a partially identified dynamic censored regression

model. Chernozhukov and Hansen (2003) proposed (D.3) for IV quantile models. Manski and Imbens (2004)

construct a similar set for the case of interval-identified parameter.19 The set Cn(cα(·)) is generally not equal

(is smaller) than the level set Cn(c∗) of the function anQn(θ). However, the two constructions are equivalent

when one uses an Anderson-Darling transformation of the criterion function.20 The set defined by single

critical value is also easier to compute.

Further let ĉα(θ) be subsampling or any other consistent estimate of cα(θ) for each θ ∈ Θ̂I .

Theorem D.2. Suppose that Assumptions A.1 and A.4 hold. Let ĉ∗α = supθI
ĉα(θI). Then for any θ∗ in ΘI

lim infn→∞ P{θ∗ ∈ Cn(ĉ∗α)} ≥ α. Likewise, a corollary is that Cn(ĉ∗α(·)) also covers θ∗ with probability α.

Proof: Since ΘI ⊆ Θ̂I wp → 1, it follows that lim infn→∞ P{θ∗ ∈ Cn(ĉ∗α)} = lim infn→∞ P{an (Qn(θ∗))

≤ supθI
ĉα(θ)}

(1)

≥ lim infn→∞ P{an (Qn(θ∗)) ≤ ĉα(θ∗)}
(2)

≥ lim infn→∞ P{an (Qn(θ∗)) ≤ cα(θ∗) + op(1)} ≥
(1 or α) ≥ α. Equality (2) follows from the standard argument for subsampling, e.g. as the one presented in

Step 2 of the proof of Theorem 3.3. Inequality (1) shows that Cn(ĉ∗α(·)) also covers θ∗ with probability α. �

Consistency and rates of convergence of the sets constructed above follows from the following corollaries.

Corollary D.2 (Consistency and rates of generalized contour sets.). (1) Suppose conditions of Theorem 3.1

hold. Consider a more general class of contour sets defined as Cn(q(·)) := {θ : anQn(θ) ≤ cq(θ)}, where

q(θ) ∈ c · [ǫ, 1] for each θ for some positive constants ǫ and c. Since Cn(cnǫ) ⊆ Cn(cn(·)) ⊆ Cn(cn), we have

that dH(Cn(cn(·),ΘI) = op(1) and dH(Cn(c(·),ΘI) = Op(|cn/an|1/γ). (2) Suppose conditions of Theorem

3.2 hold, then the Theorem implies that the rate of convergence and consistency for more general class of

estimates defined as Cn(c(·)) := {θ : anQn(θ) ≤ c(θ)}, where c(θ) ∈ [0, c] for some positive constant c. Since

Cn(0) ⊆ Cn(c(·)) ⊆ Cn(c), we have that dH(Cn(c(·)) = op(1) and dH(Cn(c(·)) = Op(|c/a|1/γ
n ).

Appendix E. Extension: Robustness to Contiguous Peturbations of P

In this paper P , the true probability measure, is the nuisance parameter. The goal is to examine which

contigious perturbations of the original fixed P preserve or do not preserve the estimation and coverage

properties of the confidence regions. The idea of focusing on the local perturbations is standard and is

often used in confidence interval literature (Dufour, Andrews and Guggenberger). Intuitively, contigious

perturbations of P can not be statistically detected with certainty, and we therefore want to make sure that

contigious changes in P do not affect the coverage properties of confidence regions. We focus on examining

the robustness of the main estimation and inferential results, the ones stated in Theorem 3.1 and Theorem

3.3. The robustness analysis of other results can be developed along similar lines, though this extension is

beyond the scope of this paper.

Consider a triangular sequence of probability measures {Pn,γ , n = 1, 2, ...}, where γ is an index of a

sequence in Γ and {Pn,γ , γ ∈ Γ, n = 1, ...} ⊆ P. Let Pn
n,γ denote the law of data w1, ..., wn under Pn,γ . Each

γ ∈ Γ is such that Pn
n,γ is contigious to Pn, the law of data w1, ..., wn under P , namely Pn(An) = o(1) implies

19A recent paper by Pakes, Porter, Ho, Ishij (2004), has also proposed similar sets in the context of moment

inequalities.
20This can be seen by defining the new criterion function Q̃n(θ) := Qn(θ)/max[cα(θ), ǫ] for all θ ∈ Θ̂I . In

many examples this is unnecessary, as criterion functions have the equi-quantile property by using optimal

weights.
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Pn
n,γ(An) = o(1) for any sequence of measurable events An.21 In what follows, notation ΘI(P ) is used to

reflect that identification region ΘI depends on the law of the data P .

Lemma E.1 (Conditions for Maintaining Consistency, Rates of Convergence, and Coverage). 1. If conditions

C.1 and C.2 hold with {Pn
n,γ} replacing {P}, for each γ ∈ Γ, then so do conclusions of Theorem 3.1. 2.

Let there be any estimate ĉ →p c(α) under {P} (e.g. the estimate provided in Theorem 3.3). Suppose

C.1, C.2, C.4, C.5 hold under {Pn
n,γ} in place of {P}, for any γ ∈ Γ, as well as hold under {P}, with

the common limit real random variable C which distribution does not depend on γ. Then for each γ ∈ Γ,

lim infn→∞ Pn,γ{ΘI(Pn,γ) ⊆ Cn(ĉ)} ≥ α and = α if P{C > 0} ≥ α.

The first result states that consistency and rates of convergence will be preserved under sequences as long

as C.1 and C.2 hold under sequences (replacing P with Pn,γ and ΘI with ΘI(Pn,γ) should cause no ambiguity

in the statement of C.1 and C.2). The second result of the lemma addresses coverage properties in the regular

case, when the limit of Cn does not depend on the local sequence.22 However, if Cn is not regular, i.e. its limit

distribution under {Pn,γ} depends on γ, the coverage property will depend on whether the distribution of Cn

under Pn,γ is stochastically dominated in large samples by the distribution under fixed P , as stated in Lemma

5.3 below. Note that the result is independent of the way the critical value is estimated.

Conditions of Lemma 5.1 are verified in our principal applications as follows:

Condition M.3. (Moment Equalities) Suppose that M.1 holds for each P ∈ P and that (a) the partial

identification conditions (4.1) holds uniformly in P, (b) G(θ) = limn ∇θEPγ,n
[mi(θ)] exists and is continuous

over a neigborhood of Θ, for each γ ∈ Γ, (c) the Donsker condition (4.2) holds under {Pn,γ} in place of {P}
for each γ ∈ Γ, with the common limit Gaussian process ∆(θ), (d) EPn,γ

[mi(θ)] = EP [mi(θ)] + o(1) for each

γ ∈ Γ, (e) dH(ΘI(Pn,γ),ΘI(P )) = o(1) for each γ ∈ Γ.

Condition M.4. (Moment Inequalities) Suppose that M.1 holds for each P ∈ P, suppose that (a) the partial

identification conditions (4.5) holds uniformly in P, (b) G(θ) = limn ∇θEPγ,n
[mi(θ)] exists and is continuous

over a neigborhood of Θ, for each γ ∈ Γ, (c) the Donsker condition (4.2) holds under {Pn,γ} in place of {P}
for each γ ∈ Γ, with the common limit Gaussian process ∆(θ), (d) EPn,γ

[mi(θ)] = EP [mi(θ)] + o(1) for each

γ ∈ Γ, (e) and dH(ΘI(Pn,γ),ΘI(P )) = o(1) and dH(ΘJ (Pn,γ),ΘJ (P )) = o(1) for each J and each γ ∈ Γ .

Condition (a) is the uniform partial identification condition. Sufficient condition for condition (b) are

also well known and are given in van der Vaart and Wellner (1996), p.173, including a quadratic-mean-

differentiability condition, p. 406. Condition (d) requires that the perturbations of P affect the identification

region smoothly.

It is helpful to illustrate conditions (a)-(e) with a simple example. Recall the example of interval censored

Y without covariates, in which case ΘI(P ) = [EP [Y1], EP [Y2]] and suppose Y1 ≤ Y2 P -a.s. for all P ∈ P and

that (Y1, Y2) are uniformly Donsker in P.23 Then condition M.3(a)-(d) easily follow. To verify M.3(e) note

that by contiguity and uniform integrability implied by the uniform in P Donskerness, (EPn,γ
[Y1], EPn,γ

[Y2]) →
(EP [Y1], EP [Y2]), including when [EP [Y1], EP [Y2]] is a singleton. The last point is noteworthy since Imbens

and Manski used precisely the latter case (of identification region shrinking to a singleton at a
√

n rate) as a

counterexample to the coverage of certain types of confidence regions.

21Throughout this section, measurable events An are events that are measurable with respect to (Ω,F)

completed with respect to both Pn and Pn
n,γ .

22The definition of regularity follows that given by (van der Vaart and Wellner 1996), p. 413
23Conditions for the Donskerness uniformly in P is well known, see van der Vaart and Wellner (1996),

p.168-170.
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Lemma E.2. (Coverage, Consistency, Rates under Sequences in Moment Condition Models) 1. Condition

M.3 imply conditions of Lemma 5.1. Condition M.4 implies conditions of Lemma 5.1.

The following lemma addresses non-regular cases mentioned earlier, and shows that coverage results will

be preserved in much greater generality.

Lemma E.3 (Minimal Conditions for Maintaining Partial Consistency and Minimal Coverage). 1. Suppose

that supΘI(P ) Qn = Op(1/an) under {Pn,γ}, then ΘI(Pn,γ) ⊆ Θ̂I(Pn,γ) wp → 1 under Pn,γ . 2. Let there be

any estimate ĉ →p c(α) under {P}, e.g. the estimate constructed in Theorem 3.3. Suppose condition C.4

holds under fixed P with limit real variable C that has α-quantile c(α) and for each γ ∈ Γ and each ǫn ↓ 0 we

have

lim inf
n→∞

Pn,γ [Cn ≤ (c(α) − ǫn) ∨ 0] ≥ α. (E.1)

Then for each γ ∈ Γ: lim infn→∞ Pn,γ{ΘI(Pn,γ) ⊆ Cn(ĉ)} ≥ α.

Note again that the result is independent of the way the critical value is estimated. The point of this

lemma can be illustrated using a simple one-regressor version of the IV example stated in Section 4, where

Y = θ0X + ǫ, EP [ǫ|Z] = 0, where θ0 ⊂ Θ ⊂ IR. The identification region is ΘI(P ) = Θ, i.e. we have complete

non-identification. Assume i.i.d. sampling and other conditions as in Section 4. Now consider a sequence

of models where Y = θ0X + ǫ and X = (γ/
√

n)Z + v where Z and v are independent, and v has a mean

0. Now consider any contiguous sequence Pn
n,γ of laws of vector (Yi,Xi, Zi, i ≤ n) that obeys this stochastic

specification. Note if γ = 0, ΘI(Pn,γ) = Θ = ΘI(P ) and if γ 6= 0 ΘI(Pn,γ) = θ0 ⊆ ΘI(P ). This implies that

the weak limit of Cn when γ 6= 0, is stochastically smaller than the weak limit of Cn when γ = 0, since

sup
θ0

‖∆(θ)′W 1/2(θ)‖2 ≤ sup
Θ

‖∆(θ)′W 1/2(θ)‖2.

Therefore α-quantile of the right-hand side is bigger than α-quantile of the left-hand side, and we have that

(E.1) is satisfied. Note that compactness of Θ is important in insuring that the right-hand side is finite a.s.

E.1. Proof of Lemma 5.1. Proof of part 1 is straightforward by substituting {Pn,γ} in place of the fixed

sequence P in the proof of Theorems 3.1. To show part 2, note that under P we have that ĉ →p c(α). By

contiguity, ĉ →p c(α) under {Pn,γ}. Therefore Pn
n,γ{ΘI(Pn,γ) ⊆ Cn(ĉ)} ≥ Pn,γ [Cn ≤ ĉ] = P [C ≤ c] + o(1),

by assumption that Pn,γ [Cn ≤ c] → P [C ≤ c] for all c ≥ 0, by ĉ ≥ 0, and continuity of the distribution

function. �

E.2. Proof of Lemma 5.2. Part 1. Condition M.3(a) and M.3(d) holding uniformly in P imply C.1 and C.2

hold uniformly in P. This follows by making Step 1 in the proof of Theorem 4.1 uniform in P. Conditions

M.3(a)-(e) holding under Pn,γ imply C.4 and C.5, with limit variable C independent of γ. This follows by

repeating Steps 2-4 in the proof of Theorem 4.1, having replaced P with Pn,γ , ΘI with ΘI(Pn,γ), op(1)

with opn,γ
(1), and then noting that supΘI(Pn,γ) ‖∆(θ)′W 1/2(θ)‖2 = supΘI

‖∆(θ)′W 1/2(θ)‖2 + opn,γ
(1), which

follows by equicontinuity of θ 7→ ∆(θ)′W 1/2(θ) and by M.3(e) that requires dH(ΘI(Pn,γ),ΘI(P )) = o(1).

By M.3(b) ∆(θ) does not depend on γ, and by contiguity W (θ) does not either. Finally observe that C :=

supΘI
‖∆(θ)′W 1/2(θ)‖2 does not depend on γ.

Part 2. Condition M.4(a) and M.4(d) holding uniformly in P imply C.1 and C.2 hold uniformly in P.

This follows by making Step 1 in the proof of Theorem 4.2 uniform in P. Conditions M.3(a)-(e) holding under

Pn,γ imply C.4 and C.5, with limit variable C independent of γ: First, implement Step 2 and Step 5, having

replaced P with Pn,γ , ΘI with ΘI(Pn,γ), and op(1) with opn,γ
(1). The exception is that in Step 5, define

ξ(θ) = limn
√

nEP [mi(θ)] under fixed sequence {P}. Note that the key inequalities (C.4) and (C.6) on which
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the proof is based will be preserved under sequences {Pn,γ}. In that step, the convergent subsequence {θn} in

ΘI(P ) is replaced by the convergent subsequence {θn} in ΘI(Pn,γ), where convergent means θn → θ ∈ ΘI(P ).

That this sequence exists follows by M.4(e) that requires that dH(ΘI(Pn,γ),ΘI(P )) = o(1) and compactness

of ΘI(P ). The rest of Step 5 is the same as before, except the proof is simpler, since it suffices to take

V 0
∞ = ΘI × {0}, since we care only about Cn in this Lemma. Then, proceed to repeat Steps 3 and 4 under

{Pn,γ}, as was done before. After that note that that for every J , dH(ΘJ (Pn,γ),ΘJ (P )) = o(1) by M.4(e),

so that maxJ supΘJ (Pn,γ)

∑
j∈J |(∆j(θ) + Gj(θ)

′λ)W
1/2
jj (θ) + opn,γ

(1)|2+ = maxJ supΘJ (P )

∑
j∈J |(∆j(θ) +

Gj(θ)
′λ)W

1/2
jj (θ)+opn,γ

(1)|2+, which verifies that C does not depend on γ. This last step utilized equicontinuity

of θ 7→ ∆(θ)′W 1/2(θ) and the fact that by M.3(b) ∆(θ) does not depend on γ, and by contiguity W (θ) does

not either. �

E.3. Proof of Lemma 5.3. Part 1. wp → 1, by construction of ĉ, infΘI
Qn = Op(1/an) < ĉ/an, which implies

ΘI ⊆ Θ̂I . Part 2. Under P we have that ĉ = c(α, P ) + op(1). By contiguity, ĉ = c(α, P ) + opn,γ
(1). Therefore

Pn
n,γ{ΘI(Pn,γ) ⊆ Cn(ĉ)} ≥ Pn,γ{Cn ≤ ĉ} ≥ Pn,γ{Cn ≤ (c(α, P ) − ǫn) ∨ 0} = Pn,γ{C ≤ (c(α, P ) − ǫn) ∨ 0}, for

some ǫn ↓ 0. The conclusion follows from the assumption lim infn→∞ Pn,γ{Cn ≤ (c(α, P ) − ǫn) ∨ 0} ≥ α. �
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