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Abstract

This paper investigates the asymptotic properties of quasi-maximum likelihood estimators for spatial
dynamic panel data with fixed effects when both the number of individuals n and the number of time
periods T are large. We consider the case where T is asymptotically large relative to n, the case where
T is asymptotically proportional to n, and the case where n is asymptotically large relative to T'. In the
case where T is asymptotically large relative to n, the estimators are v/nT consistent and asymptotically
normal, with the limit distribution centered around 0. When n is asymptotically proportional to T,
the estimators are v/nT consistent and asymptotically normal, but the limit distribution is not centered
around 0; and when n is large relative to T, the estimators are consistent with rate 7T, and have a
degenerate limit distribution. The estimators of the fixed effects are v/T consistent and asymptotically
normal. We also propose a bias correction for our estimators. We show that when T grows faster than

n1/3, the correction will asymptotically eliminate the bias and yield a centered confidence interval.
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1 Introduction

Spatial econometrics deals with the spatial interactions of economic units in cross-sectional and/or panel
data, and has received much attention recently. The spatial autoregressive (SAR) model by Cliff and Ord
(1973) has received the most attention. It extends autocorrelation in time series to spatial dimensions. Early
development in estimation and testing is summarized in Paelinck and Klaassen (1979), Doreian (1980),
Anselin (1988,1992), Haining (1990), Kelejian and Robinson (1993), Cressie (1993), Anselin and Florax
(1995), Anselin and Rey (1997), and Anselin and Bera (1998).

For the dynamic panel version of the SAR model, when the time dimension 7T is fixed, we are likely to
encounter the "incidental parameters" problem discussed in Neyman and Scott (1948). This is because the
introduction of fixed effects increases the number of parameters to be estimated, where the increase is the
number of cross sectional units n. Furthermore, the dynamic nature of the model will give rise to the “initial
conditions” problem (Hsiao (1986), section 4.2). Because of this "initial conditions" problem, the maximum
likelihood (ML) estimator is inconsistent if T is finite for dynamic panel data.

When T goes to infinity, the estimators of dynamic panel data can be consistent. We can not only estimate
the fixed effects', but also avoid the "initial conditions" problem as well as the "incidental parameters"
problem. Recently, there is a growing literature on the estimation of dynamic panel data models when
both n and T are large (see Phillips and Moon (1999), Hahn and Kuersteiner (2002), Hahn and Newey
(2004), etc). To the best knowledge of the authors, there is little work done on testing and estimation of
spatial correlation in panel data when both n and T are large, with the exception of Baltagi, Song and Koh
(2003) and Kapoor, Kelejian and Prucha (2004). This paper investigates the properties of quasi-maximum
likelihood (QML) estimator for spatial dynamic panel data with fixed effects when both n and 7" are large.

When T'/n — 0 or T and n are proportional asymptotically, there are asymptotic biases in the estimators
of dynamic panel models. There is currently active ongoing research on bias correction procedures in order
to improve the estimation, see e.g. Hahn and Kuersteiner (2002), Andrews and Guggenberger (2003), Hahn
and Newey (2004), Bun and Carree (2005). For the spatial dynamic panel data model, we will face the same
issue. In order to improve the estimation for our model, we investigate a possible bias correction procedure
for our estimators. Therefore, our paper extends the current literature on bias correction for dynamic panel
models to the spatial setting.

This paper is organized as follows. In Section 2, we introduce the model and explain our estimation

IThe consistent estimation of fixed effects is of great interest if there are time invariant explanatory variables present in the
model. In that situation, the effect of those time invariant variables can be recovered from a regression of estimated fixed effects

on the time invariant explanatory variables (see Hausman and Taylor (1981)).



method, which is concentrated quasi-maximum likelihood estimation. Also, the law of large numbers and
central limit theorem for our setting are developed. Section 3 establishes the consistency and asymptotic
distribution of ML estimator and QML estimator. We also propose an analytical bias correction for our
estimators. We show that when T' grows faster than n'/3, this correction will eliminate the bias and yield a
centered confidence interval. Section 4 concludes the paper. Some useful lemmas and proofs are collected in

the Appendix.

2 The Model and Concentrated Likelihood Function

2.1 The Model

The model considered in this paper is

Ynt = )\OWnYnt + 'YOYn,tfl + poWnYn,tfl + XntBo + Cpo + Vnta = 17 27 () T7 (21)

where Y: = (y1t, Yot, -, Ynt)' and Vip = (v1g, Vg, .., Unt)” are m X 1 column vectors and vy is ¢.4.d. across
i and t with zero mean and variance o2, W,, is n x n spatial weights matrix which is predetermined and
generates the spatial dependence between cross sectional units y;¢, Xp; is an n X k; matrix of nonstochastic
regressors, and C,q is n X 1 column vector of fixed effects. Therefore, the total number of parameters in this
model is equal to the number of individuals n plus the dimension of the common parameters (v, p, 8, A, 02)’,
which is k, + 4.

Define S,, = S,,(A\o) = I,—A\oW,. Then, presuming S,, is invertible and denoting A,, = S, 1 (7o In+poWn),

(2.1) can be rewritten as

Ynt = AnYn,tfl + S'y:lXTLtﬂO + Syzlcn() + Sglvnb (22)

Assuming that the infinite sums are well-defined, by continuous substitution of (2.2),

”t - Z Ah CnO + Xn t— hﬂ() + Vn Jt— h) Mo, + Xntﬁ() + Unt (23)

where p,, = Z Ah 7 Cno, X Z AhS Xnt h, and Uy = Z AhS W Jt—h-
h=

2.2 Concentrated Likelihood Function

Denote 6 = (§', \,0%) where 6 = (v, p,3')". The likelihood function of (2.1) is



InL,7(0,c,) =— —1 27r——1na +Tln|S, (A ~ 53 Z Vi ( (2.4)

where V,1(¢) = Sn(N)Ynt — YYni—1 — pWaYni—1 — XntS — ¢, and ¢ = (8, A, ¢})’ . Thus, Vi = Viue(C)-

The QML estimators 9nT and &,r are the extreme estimators derived from the maximization of (2.4).
When the V,,+’s are normally distributed, 9HT and &, are the ML estimators; when the V,,;’s are not normally
distributed, 0,7 and &,r are QML estimators. As the number of parameters goes to infinity when n goes
to infinity, it’s convenient to concentrate c, out and focus asymptotic analysis on the estimator of 6y via
the concentrated likelihood function. For the concentrated likelihood function, the dimension of parameter
space does not change as n and/or T increase.

For notational purpose, we define ?nt =Y,;—Y,r and f/n,t,l =Y, 11— Y—nT,fl fort=1,2,---,T where
Yor = % i Vo and Yyp 1 = 4 i Vp—1. Similarly, we define X,y = X,y — X, and Vyy = Vi — Vi

t=1 t=1

Denote Zpt = (Y, t—1, WnYn,t—1, Xnt), then from (2.4), using the first order condition that Olnlnr(en)

dcyp,
0—12 > Vit (€), the concentrated estimators of ¢, given 0 are
t=1
T
é'rLT Z nt nt(s)
and the concentrated likelihood is
nT nT 1 L

where f/mg(C) =5, (/\) "t — Znid and Zny = (Yoot — Yor—1, Wo Yo 1 — Wn}_’nT,_l, Xt — Xnr). The
QML estimator 0nT maximizes the concentrated likelihood function (2.5), and the QML estimator of ¢, is
&nr(Onr).

For the concentrated likelihood (2.5), the first and second order derivatives of the likelihood function can

be derived; see Equation (C.3) and (C.4) in Appendix C.

2.3 The Law of Large Numbers and Central Limit Theorem for Our Setting

Let D,,; be an n x 1 vector with nonstochastic elements for all n and ¢ and denote

Uy = Z PnthtJrlfh (26)
h=1

Wnt = Z thVn,tJrlfh (27)
h=1



where {Pnh}zozland {th}zo:l are sequences of n X n nonstochastic square matrices. Below, we state the
law of large numbers and central limit theorem useful to derive the asymptotic properties of our estimators.
Assumption Al. The disturbances {v;}, i = 1,2,...,n and t = 1,2,...,T, are i.i.d across ¢ and t with
zero mean, variance o2 and E vy < 0o for some 7 > 0.
Assumption A2. nh = BlnPh and Q. = Bgth Furthermore, the row and column sums of By,

o0
Ban, > abs(P") and Z abs(Q") are bounded uniformly in n.2
h=1 h=1
Assumption A3. The elements of n x 1 vector D,; are nonstochastic and bounded, uniformly in n and

Assumption A4. n is a nondecreasing function of 7'

Theorem 2.1 Under Assumption A1, A2 and A/,

and

1 T 1 T 1
R ~( 0 nt — EF|l — ~,/ i n = T
where E(-L Z U, W) is O(1), E(z UL Wor) is O (7).

Proof. ThZS is Theorem A.7 in Appendix A. ®

Theorem 2.2 Under Assumption A1, A2, A3 and A4, % Z Dnt[Umg O, (%)

Proof. This is Lemma A.8 in Appendiz A. ®
We also need a different type of law of large numbers stated below.

Theorem 2.3 Under Assumption A1, A2 and A/

Lt V= (200, 1) =0, (=
n nT,flv’ﬂT E( n nT,lVTLT> _OP(\/T) (28)

where E \/7UnT _1VnT fao tr <hi_o:1 Pnh) + O( %) and

2We say the row and column sums of a (sequence of n x n) matrix P, are uniformly bounded in n if

SUP1<j,j<n,n>1 Z?:l [Pijn| < 0o and supi<; j<n.n>1 2 ie1 [Pijnl < 0.



T _ T _ 1

where E(\/%‘_/,:TB”VHT) = \/?%gtr(Bn).
Proof. (2.8) is in Theorem A.11 and (2.9) is in Theorem A.9. m

For the central limit theorem, consider the following form:

T
Qnr = Z (U;,t71Vnt + DVt + V! By Ve — Jgtan)

t=1
where B,, is a nonstochastic n x n symmetric matrix® and its row and column sums are bounded uniformly

in n. Denote the mean and variance of Q.1 as g , and JQQHT respectively. We have pg =0 and

T

o) n T n
0o, = Togtr (Z P,’mPnh> +o? Z D, Dy, +T ((u4 — 30¢) Z by i + 20§tr(32)> +244 Z Z dntibn,iis
h=1 i=1

t=1 t=1 i=1

where p, = Evj, for s = 3,4, b, ;;’s are diagonal elements of B, and dy; is the ith element of D,.

Theorem 2.4 Assume that row and column sums of By, are bounded uniformly in n and assume the sequence

ﬁaéw is bounded away from zero. Then under Assumption A1, A2, A3, A4,

Q’nT

9Qunr

< N(0,1)

when T — oo.

Proof. This is Theorem A.13 in Appendiz A. W

3 Quasi Maximum Likelihood Estimation

For our analysis of the asymptotic properties of estimators, we need the following assumptions:

Assumption 1. W, is a constant spatial weights matrix and its diagonal elements satisfy wy, ;; = 0 for
1=1,2,--- ,n.

Assumption 2. The disturbances {v;:}, ¢ = 1,2,...,n and t = 1,2,...,T, are i.i.d across ¢ and ¢t with
zero mean, variance o2 and E |vy|*"" < oo for some 7 > 0.

Assumption 3. S, () is invertible for all A € A. Furthermore, A is compact and the true parameter Ag

is in the interior of A.

3The assumption that B, is symmetric is maintained w.l.o.g. since V) BnVat = V) [((Bn + B,)/2]Vat.



Assumption 4. The elements of X,,; are nonstochastic and bounded, uniformly in n and ¢.

Assumption 5. The row and column sums of W, and S;;*()) are bounded uniformly in n, also uniformly
in A € A for S;1(N).

Assumption 6. The row and column sums of Y ;- abs(A") are bounded uniformly in n, where
[abS(An)}ij = [Anij]-

Assumption 7. n is a nondecreasing function of T.

Assumptions 1 is a standard normalization assumption in spatial econometrics, and Assumption 2 pro-
vides regularity assumptions for v;;. Assumption 3 guarantees that Equation (2.2) is valid. When exogenous
variables X,; are included in the model, it is convenient to assume that the exogenous regressors are uni-
formly bounded as in Assumption 4. Assumption 5 is also made by Kelejian and Prucha (1998, 2001). In
many empirical applications, the rows of W, sum to 1, which ensures that all the weights are between 0
and 1. The uniform boundedness of W,, and S, 1()) is a condition that limits the spatial correlation to a
manageable degree. Assumption 6 is the absolute summability condition and row/column sum boundedness
condition, which will play an important role to derive asymptotic properties of QML estimators. This as-
sumption is essential for the paper because it limits the dependence between time series and between cross
sectional units. In order to justify the absolute summability of A, in Equation (2.3) and Assumption 6,
a sufficient condition is ||A,] < 1 for any matrix norm (see Horn and Johnson (1985), Corollary 5.6.16)
that satisfies ||A,|| = |labs (A,)||. When ||4,| < 1, Y72, A" exists and can be defined as (I, — 4,)~ L.
Assumption 7 allows two cases: (i) n — oo as T — oo; (ii) n is fixed as T — oo. Because (ii) is similar to
a vector autoregressive (VAR) model, our main interest is in (i). If Assumption 7 holds, then we say that

n, T — oo simultaneously.

3.1 Consistency of the Concentrated Estimator Ot

For the log likelihood function (2.5) divided by the sample size nT, we have corresponding @, r(0) =

Emaxe, - In Ly, (6, c,). Hence,

T
1 1 1 1 1 1 ~ ~
wr(0) = —FInL,7(0)=—=In2r— =Ino?+ —In|S,(\)| - —E— . it (€)- 1
Qur®) = LB Lor(6) = =3 2w = ghno® + SIS, = 55 Bop SITLOV@. ()
To get the consistency proof, we need the following uniform convergence result.

Claim 3.1 Let © be any compact parameter space. Then under Assumption 1-7, ﬁ InL, 7(0)—Qn,1(6) 20
uniformly in 0 € © and Q1 (8) is uniformly equicontinuous for € ©.
Proof. See Appendix D.1. m



For identification, if the information matrix —F (ﬁ %) is nonsingular and —F (ﬁ%)
has full rank for any 0 in some neighborhood N () of 6y, the parameters are locally identified (see Rothen-
berg (1971)). To get the information matrix, denote G,, = W,,S; !, then from Appendix C, the information

T
matrix, which will be denoted by ¢, ., is Equation (C.6) in Appendix C. Denote H,r = ﬁ t;.(Znt7

GnZntéo)’(Zm, G,LZ,Ltdo), we can see that from Equation (C.6),

0 0 0
EH,r O 1
YoonT = } r . +1 0 L[r(G,Gn) +tr(G2)] aéntr(Gn) +O(T>, (3.2)
1 1
0 a%ntT(G”) 20

4

. Also, its rank

2(trGn)y -
(7"71771)) is nonzero

which is nonsingular if EH,r is nonsingular or %(trG%Gn +trG? —
does not change in a small neighborhood of 0y (see Equation (C.10)).

When limp_, o FH,r is nonsingular, we can get the global identification of the parameters.

Theorem 3.2 Under Assumption 1-7, if limr_, oo EH,r is nonsingular, 0 is globally identified and 0,7 >
Bo.
Proof. See Appendiz D.5. m

When limy_., EH,7 is singular, global identification can still be obtained from the following theorem.

Denote o2 (X) = Zo4r(S/15" (\)Sn(N)S: ).

n n

Theorem 3.3 Under Assumption 1-7, 0y is globally identified if
limy oo (210|035, VS = L1n |02 (NS, LAY ST HA)]) # 0 for X # Xo.®, and if this condition holds,

n

2 p
O — 0Og.

Proof. See Appendix D.4. m

3.2 Distribution of QML Estimator

The asymptotic distribution of the QML estimator 0,7 can be derived from the Taylor expansion of
MLT"Q’TW) around 6y. At 0y, from Equation (C.2) and (C.3), the first order derivative of the concentrated
likelihood function at 6 is in (C.5) of Appendix C, which involves both linear and quadratic functions of

Vot

4See Appendix D.2 for proof.
5When n is finite, the condition is (% In ‘J%S&flsﬁl‘ - %ln ‘0%()\)5;171()\)5{1()\)D # 0 for A # Ao.



From Equation (2.3),
Zm& = Z:Lt - (UnT,—l7 WnUnT,—h 0) (33)

where Z:Lt = ((-;C‘n t—1 + Un tfl) (Wn%n,tfl + WnUn,tfl); Xnt) with ‘i“)n,tfl = Xn,tfl - -X_nT,fl- HGHCG,
Znt has two components: one is Znt, which is uncorrelated with V,,;; the other is —(UnT,_1, WnUnT,_l, 0),
which is correlated with V,,; when ¢t <T — 1.

dIn L, r(0 L% (0
Correspondingly, J%HTT(O) = A HTT(O) — A, where

i

1 Oln L:; T(Go) 1 T T
: = LA S (GnZ:00) Vi %— Z(V’ G\ Vi — 03trG,,) (3.4)
T 00 a3 nT = o5 V/nT i=1
vn 1 i=1
E\/ﬁ f; (V! Vit — nod)
and
%g\/g( wT—1s WaUnr,—1, 0)'Viur
Any = Lg\/%( w(Unr.—1, WoUpr,—1, 0)80) Vour + \/7VITG{,L‘711T . (3.5)
st/ SV Vo
. . . . . . 1 OlnL; (0g) .
As is derived in Appendix C.3, the variance matrix of NCT i equal to
1 OInL} 1(6o) 1 OlnL} +(6o) 1
. - = Ygonr + Qognr + O | 7 (3.6)
vnT 00 VnT a0 T
0 0 0
and Qg 7 = “477303 0 iya?, LtrG, is a symmetric matrix with u, being the fourth
0 o n = 5 20¢6n Y 4
1 1
0 QUgntan @

moment of v;;, where G, ;; is the (4,¢) entry of G,,. When V,,; are normally distributed, Qg, ,7 = 0 because
py — 30g =0 for a normal distribution. Denote ¥, = limz_,o0 Zg,,nr and Qp, = limy o Qg 7, then,

y E( 1 0L p(6o) 1 9L (6o)
Toee \VnT 00 VT 00

> = Y, + Qg,. (3.7)

e dln L (0 . o
The asymptotic distribution of ﬁ%f“ﬂ can be derived from the central limit theorem for mar-

tingale difference arrays (Theorem 2.4). For the term A, 7, from Theorem 2.3, A,,r = \/?bgn +O(\/75) +



atr ((Zhlo AR) S ')
b5, atr (W (520 A%) S3 )
bon = by - 0 (3.8)
SZ Loyotr(Gn (Xno AR) Syh) + 2potr(GaWa (peg AR) S + £trG,y,
307

is O(1).°
Assumption 8. limy_, ., E'H,7 is nonsingular or lim,, %(trG;Gn +trG? — z(trG )’ ) #£ 0.
Assumption 8 is a condition for the nonsingularity of the information matrix ¥p,. When limp_, . EH, 1

is singular, as long as we have lim,, o, = (trG’, G, +trG? — L) # 0, the information matrix ¥y, is still

n

nonsingular (see Appendix D.2).

Claim 3.4 Under Assumption 1-8,

1 Oln Ln’T(eo)
vnT 00

where Ay is in (3.5) and A,p = \/Ebgn + 0, (max (./i37 \/I)> with by, in Equation (3.8).

+ AnT i) N(Ou 290 + Q@o)? (39)

When {vi}, 1 =1,2,...,n and t = 1,2, ..., T, are normal, \/LM + A2 N(0,X4,).
Proof. See Appendiz D.5. m
Claim 3.5 Under Assumption 1-8, ﬁ% - anW 16 — 6ol - Op(1).

Proof. See Appendix D.6. m

Claim 3.6 Under Assumption 1-8, — O InLux(00) _ & Qnr(bo) _ O, ( L )

» T~ 9000 9000’
Proof. See Appendiz D.7. m
Using Claim 3.4, Claim 3.5 and Claim 3.6, we have the following theorem for the distribution of 0,7

Theorem 3.7 Under Assumption 1-8,

vnT (9nT - (90 - beOT”T» +0, (max (ﬂ @)) (3.10)
= VT (0nr — 00) + \/gbeo,nT +0, (max (ﬂ ﬁ)) L N (0,251 (Za, + Q6,)Z5)

When v = pg = 0, bay, = (b3’ " b3, bgn) = (%trSgl, %tan, , ntan, P 2)/

10



where by, nr = Egol,nTan is O(1).

When 7 — 0,
VT (O — 00) % N(0,2;1 (g, + Q6,)Z5.0). (3.11)
When 7 — k < oo,
VT (B — 00) + VEbgy ur -2 N(0, S5 (Sa, + Q) S5l (3.12)
When z — oo,
T (O — 00) + bog,nr = 0. (3.13)

Additionally, if {vit}, i=1,2,....,n and t = 1,2, ..., T, are normal, (3.10) becomes

VT (Onr — 0o) + \/?beo,nT + Oy (max (ﬂ, ﬁ)) < N(o, Za0)- (3.14)

Proof. See Appendix D.8. =

Hence, 9nT is consistent but is biased with a bias of the order O(T~1). For the distribution of 9nT, when
T is relatively large, the QML estimators are v/nT' consistent and asymptotically properly centered normal;
when n is asymptotically proportional to T, the estimators are v/nT consistent and asymptotically normal,
but the limit distribution does not center around the truth; when n is relatively large, the estimators are
consistent with rate 7' and have a degenerate distribution.

The estimators of fixed effects are /T consistent and asymptotically centered normal, as shown below.

Theorem 3.8 Assume that the elements of cpo are bounded. Then under Assumption 1-8, fori =1,2,--- | n,

VT (¢4, — €i0) 5 N(0,02) (3.15)

and they are asymptotically independent with each other.

Proof. See Appendiz D.9. m

3.3 Bias Reduction

From Equation (3.10), the QML estimator 6,7 has the bias —+bg,,nr and the confidence interval is
not centered when 7 — k where 0 < k < oo. Furthermore, when 7' is small relative to n in the sense
that 7z — oo, the presence of by, ,,7 causes 9nT to have the slower T—! rate of convergence in (3.13). An
analytical bias reduction procedure is to correct the bias B,r = —bg, nr by constructing an estimator BnT

and defining the bias corrected estimator as

11



Al ~ BnT

by = Oy — =L (3.16)
From Theorem 3.7, B, = _Ee_ol,nTbQ"l where by, is defined in (3.8), and we choose
. 1 02InL,r(0)\) "
Byr = |(B( =2 2onT7) bon (6 3.17
T [( (nT 9000’ )) 20 (0) . (8:17)

We show that when T'/n'/3 — oo, @:LT is v/nT consistent and asymptotically centered normal even when
n/T — oo.
For showing our result for the bias corrected estimator, we need the following additional assumption.
Assumption 9. Y ;7 A" () and Y";7, hA"1(6) are uniformly bounded in either row sum or column
sums, uniformly in a neighborhood of 6.

Assumption 9 can be verified through the following lemma.

Lemma 3.9 If |A,(00))]
neo AL (0) and Y72 RALTL(0) are bounded uniformly in n and in a neighborhood of 6.
Proof. See Appendiz D.10. m

< 1 (resp: ||An(00))|l; < 1), then the row sum (resp: columns sum) of

Our result for the bias corrected estimator is as follows.
Theorem 3.10 If T)/n'/3 — oo, under Assumption 1-9,
- d _ _
VT (0,7 — 00) = N(0, 55 (3o, + Q0,) S, )- (3.18)
Proof. See Appendix D.11 m

Hence, if T grows faster than n'/3, the analytical bias correction will give us estimators that are as-

1
ymptotically normal and centered around . For the case % — k, 6, has removed the asymptotic bias

n

bg,nr- Note that 7 — k implies T/nl/3 — oo. For the case 7 — oo, as long as T/nl/3 — 00, the rate of
1 . 1
convergence of 6, is vnT', which is also an improvement upon the 7" rate of convergence of 0,,7. Thus, 0,

might have better performance in economic applications, especially when n is much larger than T

3.4 Monte Carlo Results

We conduct a small Monte Carlo experiment to evaluate the performance of our ML estimators and
the bias corrected estimators. We generate samples from Equation (2.1) using 65 = (0.2,0.2,1,0.2,1)" and

0% = (0.3,0.3,1,0.3,1)" where 8y = (7o, po; B> Mo, 02), and X, €0 and V,,; are generated from independent

12



Table 1: Performance of Bias Corrected Estimators: the Biases

Case Bias of 0,7 (1st line) and 9;T (2nd line)
T n b g p p A o?
(1) 10 49 65 -0.0628 -0.0031 -0.0077 -0.0024 -0.1168
-0.0049 -0.0030 -0.0010 0.0166 -0.0488
(2) 10 49 98 -0.0701 -0.0080 -0.0111 -0.0105 -0.1193
-0.0067 -0.0050 -0.0019 -0.0262 -0.0555
(3) 10 196 65 -0.0625 -0.0036 -0.0076 -0.0024 -0.1105
-0.0050 -0.0036 -0.0009 0.0175 -0.0418
(4) 10 196 65 -0.0691 -0.0067 -0.0109 -0.0091 -0.1129
-0.0065 -0.0073 -0.0021  0.0281 -0.0481
(5) 50 49 65 -0.0121 -0.0018 -0.0008  0.0005 -0.0220
-0.0005 -0.0029 -0.0007  0.0052 -0.0038
(6) 50 49 6% -0.0132 -0.0024 -0.0009 -0.0006 -0.0221
-0.0010 -0.0055 -0.0011  0.0071 -0.0047
(7) 50 196 67 -0.0122 -0.0002 -0.0004 0.0012 -0.0211
-0.0005 -0.0014 -0.0004 0.0062 -0.0028
(8) 50 196 6% -0.0133 -0.0008 -0.0005 0.0004 -0.0212
-0.0011 -0.0042 -0.0007 0.0086 -0.0038
Note: % = (0.2, 0.2, 1, 0.2, 1) and 65 = (0.3, 0.3, 1, 0.3, 1).

13



Table 2: Performance of Bias Corrected Estimators: the Standard Errors
Case S.E. of 0,7 (1st line) and @iT (2nd line)

T n 6 ~y 0 B A o2

(1) 10 49 65 0.0322 0.0591 0.0452 0.0477 0.0566
0.0334 0.0617 0.0469 0.0478 0.0610

(2) 10 49 08 0.0322 0.0570 0.0453 0.0457 0.0567
0.0333 0.0599 0.0469 0.0451 0.0609

(3) 10 196 65 0.0161 0.0304 0.0226 0.0246 0.0285
0.0167 0.0317 0.0234 0.0247 0.0307

(4) 10 196 98 0.0160 0.0292 0.0226 0.0236 0.0285
0.0166  0.0307 0.0234 0.0233 0.0307

(5) 50 49 67 0.0141 0.0260 0.0202 0.0213 0.0280
0.0143 0.0263 0.0204 0.0213 0.0286

(6) 50 49 65 0.0139 0.0243 0.0203 0.0201 0.0281
0.0140  0.0246 0.0205 0.0200 0.0287

(7) 50 196 65 0.0071 0.0134 0.0101 0.0110 0.0140
0.0071 0.0136 0.0102 0.0110 0.0143

(8) 50 196 98 0.0070  0.0125 0.0101 0.0103 0.0141
0.0070  0.0127 0.0102 0.0103 0.0143
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Table 3: Empirical Densities of Biases when n =49 and 7' = 10.
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normal distributions” and the spatial weights matrix we use is a rook matrix. We use 7" = 10 and T = 50,

and n =49 and n = 196. For each set of generated sample observations, we calculate the ML estimator O
R 1

and evaluate the bias 0,7 — 6y; we then construct the bias corrected estimator 6, and evaluate the bias

~1

0,7 — 0o. We do this for 1000 times to see if the bias is reduced on average by using the analytical bias
1 1000

correction procedure, i.e., to compare 1555 2_i—1 (Onr — 00); with o Zgﬂo(@:ﬁ —0o);. With two different
values of 0, for each n and T, finite sample properties of both estimators are summarized in Table 1 and
Table 2, where Table 1 is for the magnitude of biases and Table 2 is for standard errors of estimators.

We can see that both estimators have some biases, but the bias corrected estimators reduce those biases
which are relatively larger. This is consistent with our asymptotic analysis, because the bias corrected
estimators will eliminate the bias of order O(T~1). Also, the bias reduction is achieved while there is no
significant increase in the variance of the estimators, as can be seen from Table 2. Table 3 gives us empirical
densities of énT — 60y and Q:LT — 60y when n =49 and T = 10.

For different cases of n and T, we can see that for each given n, when T is larger, the biases of two sets
of estimators will be smaller and the variance will be smaller; for each given T, when n is larger, the biases
of two sets of estimators will be nearly the same, but the variance will be smaller. This is consistent with
our theoretical prediction, because the bias is of the order O(T~!) order and the variance of the estimators

is of the order O(%) Also, for different values of 6y, the biases become larger when 6 is larger, and the

variances nearly do not change.

4 Conclusion

In this paper, we derived the properties of QML estimators of spatial dynamic panel data with fixed effects
when both n and T are large. The estimators of the fixed effects are v/T consistent and asymptotically
normally distributed. For the distribution of the common parameters, where T is asymptotically large
relative to n, the estimators are v/nT consistent and asymptotically normal, with the limit distribution
centered around 0; when n is asymptotically proportional to T, the estimators are v/nT consistent and
asymptotically normal, but the limit distribution is not centered around 0; and when n is large relative to T,
the estimators are consistent with rate 7', and have a degenerate limit distribution. We also propose a bias
correction for our estimators. We show that when T grows faster than n'/3, the correction will eliminate

the bias of order O(T!) and yield a centered confidence interval. The contribution of this paper is that it

"We generated the spatial panel data with 20 + T periods and then take the last 7" periods as our sample. And the initial
value is generated as N (0, I,) in the simulation. We have also generated the data with a much longer history 1000+ 7" and the

results are similar.
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establishes the asymptotic properties of QML estimators and bias-corrected estimators of the spatial dynamic

panel model when both n and T are large.

Appendices

A  Some Basic Lemmas and Proofs

A.1 Basic Lemmas

Let Vit = (vig,v2t, -+ ,Unt) be n X 1 column vector. We assume that {v;;}, i = 1,2,--- ;n and t =
1,2,---,T, are i.i.d. across i and t with zero mean, variance o3 and E |vit|4+" < oo for some 1 > 0. Also,

let D, be n x 1 vector of uniformly bounded constants for all n and ¢. Denote

U = Z Pnhvn,t+17h (Al)
h=1
and
Wyt = Z thVn,tJrlfh (A2)
h=1

where {P,;}r—, and {Qnn},-, are sequences of n X n nonstochastic square matrices.
Denote U,,; = U,,; — U,,7 where U,,; = (Zthl Um> /T, and ENJn,t_l =Upt-1 — IUnT,—l where IUnT7_1 =
( tT:_Ol [Unt) /T. Also W, Wn,t_l and and V,,; are defined similarly.

Lemma A.1 WithU,; in (A.1) and W, in (A.2), U,r = Yo PnhVn,TH_h and W, = E{Zl thVn,T—i-l—h

where

%(P7L1+P’VL2+”'+P’H}L):%Z}QL:lPﬂg fOThST

Py = g (A.3)
T 2ag=1 Prh—T+g forh>T
and Q,p, has the same pattern. Furthermore, Yoo P, = Sopey Pan, and Y77, Qnn = Y orey Qun-
Lemma A.2 Under Assumption Al, fort > s,
E(UnW,,,) = U(QJ (Z Pn,t—s-%hQ;Lh) (A.4)
h=1

17



and
o0

E(U,,W,,) = o2tr (Z s +hth>. (A.5)

Lemma A.3 Under Assumption Al,
E(Vr:tBlnMLS)(Vr:gBQnVnh)

(g — 308) Sty B1,iiBa,ii + 03(trBip X trBay, + trBi, B, + trBy,Bh,)  fort=s=g=h
ogtr B, X trBa, fort=s#g=h

=4 obtr(B1,BY,) fort=g#s=h
ogtr(BinBan) fort=h#s=g
0 otherwise

Lemma A.4 Under Assumption Al, fort > s,

Cov (U;Ltwnt ) U;LSW"S )

<Z PnhP;l_,tsth) (Z Qn,ts+hQ;Lh> (Z th n,t— 5+h> <Z Qn,ts+hprllh>
h=1

h=1 h=1

_ 4
= optr

3O—O ZZ nt e+hQnt 9+h)n( T/Lhth)m (AG)

Lemma A.5 Suppose B,, Cnn and D, are n X n square matrices with all elements being non-negative,
and By, 220:1 Cpp and 220:1 Dy,1, are uniformly bounded in both row and column sums. Then, the product

Zzozl ConBnDnp is uniformly bounded in both row and column sums.

Lemma A.6 Under Assumption A1, A2 and A4,

T T
Var() U, W) =Y Zcou (U Wy, U W,.,) = O(nT).

t=1 t=1 s=1

Theorem A.7 Under Assumption A1, A2 and A4,

1
— ZIU W — ZU W) =0, (T> ) (A7)

n

SOVl = BT Vir) = 0, (2 ) (A8)

and

niT é@;tw iT zf: 0, (\/1117) (A.9)
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uhere By 3= UnWor) = St (£ P1Qun ) = 00) and EQU ) = Shor (£ B ) = OG3)
h=1 h=1
where P, and Qnn are defined in (A.3) in Lemma A.1.

Theorem A.8 Under Assumption A1, A2, A8 and A4,

T T
1 R 1 . 1
nT E D’/rltUnt = nT E D’;LtUnt =0p <\/ﬁ> ’ (A.10)
t=1 t=1

and

1TzT: D, U, =0 (&) (A.11)

Lemma A.9 Under Assumption A1 and A4, for an n x n matriz B, , uniformly bounded in row and column

sums,
1 <& 1
— V. B, Vot — V! By Vo) = Op(—), A.12
T ; nt t Z P(\/ﬁ) ( )
1, _ , 1
—VorBnVar — ( V ‘7 5n VnT) O, ( ) (A.13)
n nT?
and

T T
1 ~ ~ 1 ~ -~
— Z VBV — E(—= Y Vi1 BuVi) = Oy( ), (A.14)
T _ _
where E(-= 3" V) B, Vi) = 203tr(B,) = O(1) and E(V, B, Var) = —rodtr(By) = O (7).
=1

Lemma A.10 Under Assumption Al,

E([(Un,t—l)i]4) = (g — 307) Z Z[( i) + 3‘70 Z nh P )i
h=1j=1 h=1

Theorem A.11 Under Assumption A1, A2 and AJ,

T - - = - 1
\/;( ;lTﬁanT —F (U;T771VnT)) =0, (\/T) (A.15)
where \/EE (Ul 1 Var) = /B Lodtr (ioj P, h) + O (\/75) when T — oo.
n nT,—1"n Tn” 0 = n T3

Lemma A.12 Let B, denote the lower diagonal matriz constructed from symmetric B, by deleting the
diagonal and the upper triangle entries. Under Assumptions A1, A2 and if By, is uniformly bounded in row

and column sums, and K, is an n-dimensional nonstochastic vector with all its elements uniformly bounded,
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(a) 25 Yy Yoy (5 bnijvje)? — Sod[tr(B2) — vec (Bn)veep(By)]
— o L Vi By By Ve = o3tr(B, B = 0y (7).
(b) wr Zthl > km(Zﬁ;ll bnijvjt) = —= Zthl K!B; Vo =0, <\/71TT) .
(¢) 7 Yimr iy un,H,i(Zﬁ;i bnijvie) = i St Ul 1By Vi = O, (\/iﬁ)
(d) 2 S S knitng—1i = 7 Yy KU1 = Oy (ﬁ)

where vecp(By,) is the n-dimensional column vector formed by the the diagonal elements of B, .

For the theorem that follows, we will consider the following form:

T n

Qur =Y (Upema Vi + DitVr + Vi Bu Vi = 05trB) = 3 2

t=1 t=1 i=1
where B,, is a n X n symmetric matrix which is uniformly bounded in both row and column sums, and
— 2 2 i—1 .
Znti = (Uit—1 + dngi)Vit + bn i (Vi — 03) + 2(23':1 bn,ijvjt)Vit. Then, for the mean and variance of Qnr,

kg, =0 and

0o T n n
UQQnT = TU%” <Z Pvlmpnh> +op Z D}y Dy +T <(H4 - 3‘73) Z bi,ii + 2‘73757’(33)> +2p3 Z Z dntibn,ii,
h=1 i=1

t=1 t=1 i=1

where p, = Evj, for s = 3,4, by, 4;’s are diagonal elements of B;, and d,; is the ith element of D,;.

Theorem A.13 Under Assumption A1, A2, A3, Aj and that row and column sums of B, are bounded

uniformly in n, if the sequence FT 00y 18 bounded away from zero, then,

@nr a N(0,1). (A.16)
OQur

A.2 Proofs of the Basic Lemmas
Proof for Lemma A.1

As Upy = 3771 PunVii41—n so that

Unl = PMan + PnQVnO + PnBVn,—l +-y
UnQ = Pn1‘/n2 +Pn2‘/nl +Pn3vn,0+Pn4Vn,—1 4+

UnT = PnIVnT et PnTan + Pn,T+1Vn,O + Pn,TJrQVn,fl + - )

we have Zle Upt = PpiVar + (Put + Po2)Vir—1 + (Po1 + Poa + Po3)Var—o + - + > Prg)Vna

g=1

+(Pn2+Pn3+"'+Pn,T+1)VnO+(Pn3+Pn4+"'+Pn,T+2)Vn,71+"'~
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As U,y = (23:1 Umg) /T, we have U,r =Y ;7 | PonVi.ri1-1, where

F(Pp1+ Paa+ -+ Pyp) = Tzzzlpng for h<T

Py = - (A.17)
% 29:1 Poh—T+g for h > T.
Similarly, th has the same pattern. Furthermore,
© T 1 h (') 1 T 0o T
DB = Y (G Pt Y (5D Punorig) ZZ Z (D Pun-rto)
h=1 h=1 g=1 h=T+1 g=1 h 1g=1 =T+1 g=1
1 T h T h 0o [e's)
= TZZ + ZZP’g+h Z ZPH9+ Z Png :anh.
h=1g=1 h 1 g=1 h=1 \g=1 g=h+1 h=1

Proof for Lemma A.2

First, we have the result that for any nonstochastic n x n matrix B,,, EV,;B,V,, = 03B, if t = s and

EV,B,V, = 0 otherwise.

For t > s, defining summations over empty index sets as 0, U,,; = 22021 PonVatv1-n = 2 p—1 PanVai+1-n+

o0
2921 P t—stgVn,s+1—g- Hence,

t—s /
E(UntW{ns) (anhvn t+1— h+ZPnt s+g ns+1 g> (ZQng n,s+1— g)

h=1 g=1
(Z Pn t— s+g n,s+1— g) (Z Qng n,s+1— g) = Ug (Z Pn,ts+gQ;;g> .
g=1 g=1

[e.°]

Also, B(Uy W) = trE(UwW,,,) = o3tr (S0 Pui-orgQhg ) = 08t (z - s+hth) .

Proof for Lemma A.3

For (i) t = s = g = h, the result for E(V,),B1,Vynt)(V,r,B2nVpt) can be found in Lee (2001). For (ii)
t = s # g = h, the result follows directly from the independence of V,;,B1, Vs and V,; B, Vi,g. For (iii)
t = g # s = h, note that

n n n n
ViuBui) - (Vi) = [ 303 by (zy)



As E(vjyvg;) = 0 whenever i # k, and E(vjvk) = 02 when i = k for any ¢, it follows that, for ¢ # s,
E(V,},B1n2Vis) (Vi BanVis) = o> 1 1Z] 1 b1,ijb2; = ogtr(BinBh,). For (iv) t = h # s = g, we use
E(VritBannS) : (VnsB2nVnt) = E(VntBannS) . (VritBQnVnS) - Jotr(BlnB%)

Proof for Lemma A.4

Using Lemma A.3, we have for t > s,

t—s oo !/
( h=1 PnhVn,tJrlfh + Zgzl P’n,t78+gvn,s+lfg)

E(U{ntwnt X U/nswns) = FE X (ZZ_:SI ththJrl,h + E;O:l Qn7t78+gvn,s+1—g)
X(Z_Zozl PngWL,s—s-l—g)/(Z:il QngVn,sH_g)
= Ei1+E;
where
t—s t—s 00 o
B = E(Z PnhVn,t+1—h)/(Z QunVat+1-n) X (Z PogVist1—g) ZQW s t1—g)
h=1 h=1 g=1 g—1
t—s
= O'gt’/‘ (Z PrthQ"h> X (Z nany>
h=1
and

E2 = E(Z Pn,tfs+gVn,s+17g>/(Z Qn,tfergVn,erlfg) X (Z PngVn,erlfg)/(Z QngVn,erlfg)

g=1 g=1 g=1 g=1
(230:1(Pn,tfs+gVn,s+17g)lQn,tfs+gVn,s+17g + Z;):l Zzo;ﬁg(Pn¢t75+hvn,s+17h)/Qn,tfergVn,erlfg)
X(220:1(Pngvms-i-l—g)/Qnngs-i-l—g + 23;1 Zzo;ég(Pnhvms-i-l—h)/QngVMS-&-l—g)

= F

= E ( (P71,,t—s+gvn,s+1—g)/Qn,t—s+gvn,s+1—g) X (Z(PngVn,s-{—l—g),QngVn,stl—g))

g=1 g=1
o0 o0
+FE ( Z Z n,t— 9+hVn s+1— h) Qn t— €+g n,s+1— g Z Z nhVn ,s+1—h Qng n,s+1— g)
9=1 h#g 9=1 h#g
= E9 + Ey.

Here,
Eyn =FE (Z;L(Pn,tfergVn,s+1fg)'Qn,tfs+gVn,s+1fg(PngVn,s+1fg)'QngVn,s+1fg)
+E (Z;ozl Zzo#g(Pn,tfs+hvn,s+17h)/thfs«khVn,s+17h(PngVn,erlfg)/QngVn,erlfg)
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= E3) + B3,
where
E5 =FE (Zf,i1(Pn t—stgVn,s+1-g) Qn.t—s+gVn, S+1*g(PngVn,s+lfg)/QngVn,s+lfg)
= (g — 307) Zg 12 (P st — g @nt— s+g)ii (P, an)ii
Jr‘70 29:1 tT(Pn,t—s+an,t—s+g) x tr( nang) + 0oy Zg (P nt— s+ant s+g nang)
—1—03 250:1 tr(Pq;,t—eran,tfergQ;ngng)
and
By = B (S0 S5y Pt st Vass1) Qi ssn Vi1 1 (Pag Va1 9) @ng Vi)
= U% (2?:1 tr(Pv/z,t—s+an,t—s+g)) 230:1 tT(Pvlngng) - Ué Z;O:l tT(P;z,t—s+an,t—s+g) X tT(P;ngng)a
hence,
Es1 = (pg — 300) Zg 1 2 (P nyt— s+an,tfs+g)ii(PrngQng)ii
obtr (S0 (Phs sty Quimsta) (PrygQng) ) + 08 (S020(Phi sty Qut-sta Qg Pas))
(

—|—O’%t7” Z (PT/L t— s+an,t—s+g)> tr (230:1 Péang)-
Also,
Es=FE [(2211 Zzo;ég(Pn,tfS+hVn,s+17h)/Qn,t7s+gVn,s+lfg) X (220:1 Zzo;ég(PnhVn,s+17h)lQngVn,s+lfg)]
= E$, + B3,
where

E2a2_ (Zg 1Zh;£g [( n,t— s+hVn s+1— h) Qnt s+gVn s+1—g X( nhVn s+1— h) Qng n,s+1— g)
= o St (Pl ssn @i sso Qg Pan ) = obtr (S5 Pl n @i s1n@n Pn)
—00 Zg 1Zh 1 ( nhP = e+hQnt s+ang) tr (Zh 1 nhP b= g+hQnt s+h )

and

ESy = (Zg 1 2 ng [(Pat—stnVis+1-n) Qnt—stgVa,st1-g X (PrgVis+1-9) @niVa,st1-n )
=0y Zg 1 Zh 1t ( n,t— s+hQn t—s+g /anh) - Jotr (Zh:l P’rll t—s—&-hQnat*SJthnhth)
=0y 29:1 Zh 1t (th n,t— 5+hQ”at*S+9P'rng) 00”’ (Zh 1 Qnn D, nt— 5+hQn’t*s+hP7th)v

hence,

Eas = oitr [ (S0 PanPhicein) (s Quacsin @) + (00 @uinPh i) (S0 Qs Py
—agtr (Zh 1 Pun By o Qnt— S+hth) — ogtr (Zh 1 Qni Py o n Qnie S+hpnh>
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Therefore,

By = Bo+FEsn= (g —300)> Y (Pri—sigQui—sto)ii(PhgQng)ii
g=11i=1
vt (32 Pl ) 1 (3 P
g=1 g=1

—&—Uétr

(Z Pnh n, t 3+h> (Z Qn,tsjthQ;Lh) + (Z th n,t— 5+h> (Z Qn,ts+hP»,th>

h=1 h=1 h=1 h=1

As Cov(U,,W,,;, U, W, o) = E(U,,W,,, x U, . W,,) — EU, ,W,; x EU, W, using Lemma A.2,

Cov(U,,, W, U, W,5)

= FEi+ FEy— crétr (Z "hth> tr (Z hth>

h=1

<Z PnhP - 5+h> (Z Qn7t—s+hQ{nh> (Z th n,t— 3+h> (Z Qn7t—s+hP7{Lh>
h=1

h=1 h=1

= Uétr

o0

+( _300 ZZ n,t— s+hQnt s+h)n( 'r/Lhth)ii' u

Proof for Lemma A.5

As B,, Zzozl C,n and Zzozl D,,;, are uniformly bounded in row sum and column sums, their product
(>ney Cun)Bn (332 Dyp) is also a uniformly bounded in row and column sums. Also, for every (i, j) entry
of a matrix, (3>°;7; C’"thDnh)U < (X2, Con)Bu(Xoney Dnh))i_j' Hence, Y 7", Cpp By Dy, is uniformly

bounded in row sum and columns. W

Proof for Lemma A.6

From Lemma A.4, we have

T
Var() U, Wyy) = Zcov ' W, U W)

t=1 t=1 s=1

o Sy St (02 PanPh - yin) (St @t sie1@on) |
+o} ZtT—1 23—1 tr [(ZZ"—l thp,'L |t— 5\+h) (220:1 Qn,\t—s\+hpfm)}
+(pg — 307) Zt 1 Es 1 Zh 1 Z (P n,|t— S|+hQn,|t s|+h)u( P Qnn)ii
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Denoting A, pp = > pey PP and A, 0q = > hey QFQM . both of which are uniformly bounded in both

row and column sums by Lemma A.5, we have

T T 00 e
O'é Z Ztr (Z Pnhprll,|ts|+h> (Z Q’IL,'tSl‘i’hQ;Lh)

t=1 s=1 h=1 h=1

T [e'e)
S5, (z P:zpzf) P B By @l (z QZQZ’) B,
h=1

s=1

- »;Mﬂ
NgE

O

tr [B i, pp P B Bon QU A g Bl |

Il
Q
i

EM’ﬂ H

_ 4
= ogtr

T
> Pl IBL, By QU )An,QQB;anAn,pp].

s=1

Consider erzl Zfil Pylth*SanQ‘,ffs‘Cm B,, and C,, are uniformly bounded in row and column sums, then
T T
S PIIBLQITIC, = TBLCo + 2(T = 1) Py BuQuCr + 2(T — 2) PP B@Q2Cr + -+ + 2P 1B, QE 1 C,.
t=1 s=1
Hence

T T
I

t=1 s=1

< 2T - tr | abs(By)abs(Cy, +i abs(P.))"abs(By,)(abs(Qn))"abs(Cy, )] ,
h=1

(AL18)

which is of order O(nT’) by the uniform boundedness of the matrix within the trace operator. Hence,

T e3¢} [e%¢]
o’é Z Z tr (Z P,L}LP,/L“_SH;I) (Z Qn,|ts|+hQim> =0(nT)
h=1

t=1 s=1

and similarly, o 23;1 25:1 (220:1 Q7,,hP,’L7|t_s|+h) (Zzozl Qn,|t—s|+hP»r/Lh) = O(nT).
Now consider the term Zthl Zstl 22021 Z?Zl(P;L‘t_5|+hQn,|t—s|+h)ii(P»,Ithnh)ii~ As 220:1 abs(P};, Qnn)

is uniformly bounded in both row and column sums by Lemma A.5, there exists a finite constant ¢ such that

SUD,, SUP;1,... . 2 _p—y |(Ppp@nn)ii| < c. Hence
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(P7/7,7|t75|+hQn,|t—s|+h)ii(Prthth)ii

T T oo
‘( Jt—s|+h@n,t— s|+h)i CZZZIST (abs | t— s|+h)a'b8(Qn - s\+h))

i=1 t=1 s=1 h=1

-
M-
[M]8
M=

w
Il
—
>
Il
—
-
Il
—

3

e
M=
M8

N
Il
—
w
I
—
>
Il
—
S
Il

=
M
NE

#
Il
_
W
Il
_
i

tr (abs(P,’Jf*S') (abs(P" B}, )abs(Ban Q")) abs(Q!t~ S\))

tr (abs(P,’Lt_s) (i (abs(P)")abs(B,,,)abs(Bay, )abs(Q): ))> abs(QLf_sl)> ,

h=1

IN

C

B
B

t

Il
-

s=1

which is of order O(nT) from (A.18) because Y., ; (abs(P.")abs(BY, )abs(Bzy,)abs(Q")) is row and column
sum bounded by Lemma A.5. Hence, Var(thzl U W,;)=0(nT). m

Proof for Equation (A.7) in Theorem A.7
First, from Lemma A.2, B Z;‘FZI U, Wy = Lodtr (Cne, PLyQun).  Second, from Lemma A.6,
VaT(ZtT:l U, W,+) = O(nT). Using Chebyshev’s inequality, the result follows. B

Proof for Equation (A.8) in Theorem A.7

From Lemma A.1, U,z = > 7, PnthTH,h and W,,p = Zle thVn,Tﬂ,h where

%(Pn1+Pn2+"'+Pnh):%Z;leng for h <T

pnh -
S Pun-rg for h> T

(A.19)

and Q,), has the same pattern.

First, using Lemma A.2, EU/ W, r = o3tr (Zzozl PnhQ’nh) Second, using Lemma A.4,
Var(U,zWor) = Cov(UnrWar, Up e Wor)
(z Pt ) (S 00+ (S o) (L)
h=1 h=1 h=1

300 ZZ nhth i1 nhth)u

Jét?’

In order to get the orders of E@%TW,LT and Var(@;lTWnT) we consider the order of the elements in
> thf’;bh) the analysis of the elements of Y ;7 , PP /s and Y op ) thth are analogous.
As >0, thleh = Zh 1 thP bt Do T4l Onn P s from (A.19), we have for p = 1 (the column sum

norm) and p = oo (the row sum norm),
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T L&
;(T;Qng)(T;P

— Z abs(Qng)
g=1

i abs(P),
g=1

of3)

T
N
E : Q"thh =
h=1 »

p p
and
<L >~ 1 X 1 &
Y. Qunbry > (TZQ7l,h—T+9)(TZPHJL—T-FQ)/
h=T+1 p h=T+1 g=1 g=1 p
oo 1 T 1 T
= || X2 Bl ) Q0QITTBIMT (R BB,
h=T+1 g=1 g=1 p
1 T 0o T 1
< 7o 1Beall- D abs(@)| - |1>_ abs(@rP| - |1> abs(PY) ~||Bin|p=0<T2
g=1 p h=1 P g=1 p

because Y77 | abs(P/?), >207 abs(Q4), Y252, abs(QRP)}*), Bi, and B, are uniformly bounded in both row

and column sum norms. This implies, in particular, that all elements of > =, thPflh are of the order
Furthermore, as

oo oo T T T [eS)
(Z thpylzh)(z thpéh) = (Z thpéh)(z thpfllh) + (Z thpqgh)( Z thplzh)
h=1 h=1 h=1

h=1 h=1 h=T+1

Z thpnh ZthPnh ( Z thpéh)( Z thpylzh)a

h=T+1 h=T+1 h=T+1

it follows that H(Zzozl QunPl )30, thP;lh)H < O ()40 (75) +0 (£) =O (7=). This implies, in
particular, that all elements of (375, QunP’,)? aZ;e of the order O(7).

Similarly, we can get the order of the elements of Y 7o, P',,L;Lpéh, Sy th@%h and their products
respectively, implying that

E(U, W, 1) = o?tr( Z PanQpp) = (ﬁ> ;

T [(Z PnhP,/m> (Z thQ’Inh> (Z th ,m) <Z thjj,,lbh>
h=1 h=1 h=1

and
Z Z hth u éhth)ii < <Sup ( nhth ) (Z Z nhth > =0 (11—,) -0 (%) =0 (%)
h=1i=1 taf i=1 |h=1
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To sum up, EXU! ;W,r = O (7) and Var(1U,,;W,r) = O (-3=). Hence, LU, W,p — ELU, W, =
1
0, (i) ®

Proof for Equation (A 9) in Theorem A.7
L Z U, W, = + Z U, Wy — U, W, Using (A.7) and (A.8), the result follows. W

Proof for Theorem A.8
To prove (A.10):
First, as D’

nt

T T

1 Y T 1 r/ D e c

is nonstochastic, £ > 1DntIUm =E—5> 1Dnt[Unt = 0. Second, as Dy, is the deviation
t= t=

D}, U,;. Hence,

M=

T

1 N/ T _ 1

from the sample mean of D}, = >~ D;,,Up = ==
t=1

t=1

T T T T T
1 ~ o =~/ o 1 ~/ ! a
r (nT ;Dn m) = n2T ;g ov(D!Upy, D! Ups) = 3 ;;DmE(UmUm)DnS

where E (U, U!

ns

) = 03B, (> 5o, PL*ThPMB], for t > s by Lemma A.2.
As elements of D,,; are bounded, denote the maximum element of D,,; for all n and t as dyax. Furthermore,
let M be a constant such that for any row and column sum uniformly bounded matrix, its row and column

sums are smaller than M. Then, for t > s,

n n

Cov(D!, Uy, D! Ups)| < aoxmdxMZZZabs ZPt sthphy.
=1 j=1
< onm&XMZZZ <abs (PL=%) x abs( ZPhP’h )
i=1 j=1 ij

T T ~ ~
Hence? Z z COU(D’IntU”Lt?D;LsU"S) < 2O.(Q)jj‘rrnaxZ\42 Z Z ((Zzozl CLbS(PjLL)) X abs(Zh 1 PhPT/Lh))zj

t=1s=1 i=1j=1
As Y77 abs(P!) is uniformly bounded in row and column sums, abs(}_,-, PP"P/") is also uniformly

T T . . .
bounded in row and column sums. Hence, Y. > [Cov(D!,Un, D! Uys)| < 203nT72, M3, which im-
t=1s=1

T . r . .
plies that elements of Var (an > D;Lt[Um> are O(-). Using Chebyshev’s inequality, - Y= D}, Uy =
t=1 t=1

o(wlﬁ).

To prove (A.11):
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By Lemma A.1, Var( D! U,r) = D7LTE(UnTI[_J;1T)DnT = %D;T(Zzo:l PhP'")D,,p. Hence, Var(%D;LT@nT) <
o 15 BB 1Bl = 0 () ecasse [ D2 = [Bur, = O, [Du], = 011,

’ﬂ2

and H Yorea PT}LLPT'L’L)H = O (%) in the proof of (A.8) in Theorem A.7. B

Proof for Lemma A.9

Using the formula for the variance of quadratic forms of disturbance (see Lemma A.3), we can get the

result for (A.12). For (A.13), as Var((Var)i) = O (7) and E((Ver)
T .
z). (A.14) follows because - tz V! BV = %

%) the variance of l‘_/ATB,J_/HT

has the order O (n; V B,V — fV B W Veor. R

Wtﬂﬂ

Proof of Lemma A.10
Let e,; be the ith unit vector of R". Then (Upt—1)i = €D pey PanVit—n = Yopey Vo nPhpeni.

Hence,

E([(Un,tfl)irl) = ZZZZE n,t— h henzenlpnk)vnt k- V ( lenze Pns)vn,tfs]

= Z Bl ri,t—h(Prllhenie;zipnh)vn’tfh : Vri,t—h(Prlzhenie;zipnh)vn,tfh]

h=1
o0 o0
+ Z Z E[V, t w( hemempnh)vn,t—h ’ Vé,t—k(P;Lkenieizipnk)‘/ﬂqt—k]
h=1k+#h
o0 o0
+2 Z Z E(] é,t—h(P/zhem'e/niPnk)Vn,tfk : Vfi,t—h(P;heniegnpnk)vn,tfk])~
h=1kh

By using the formula for E[(VritBanns)(VéngnVnh) in Lemma A.3, one has

E([(Un,t—l)i]4) = - 3‘70 Z Z Prneni€niPan)jj) 2+ 0o Z{tr Py peniey; Pan) + QtT[(PrILhenie/niPnh)QH
h=1j=1
(oo}
+0p Z Z tr( P! enieh i Pap)tr( Pl eniel; Pur) + 207 Z Z tr( Pl eni€ni Pk - Phi€ni€n; Pan)
h=1 k;ﬁh h=1 k+#h
= - 300 Z Z thenLeruP”h)]J]Q
h=1j=1
o0 o0
""70 Z Z tr (P ni€yni Pan)tr(Ppieniey; Pok) + 2‘73 Z Z tr(Pypeni€n; Pak - Pheni€n; Pn)
h=1k=1 h=1k=1
= (uy —307) ZZ ehiPuneni)* + 30 ZemPnhP peni)?. M
h=1j5=1
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Proof for Theorem A.11
Let IUnT = TUnT,—l and WnT = VnT- As Unt = Z(})Lozl PnhVn,t+1—ha we have IUnT = Zzozl pnhVn,T+l—h
and WnT = Z};.ozl thVn,T+17h where

0 for h=1
. 1 p .. %In for h<T
Pan =14 L(Pu +pn2 4o Pog) =4 Zl P,y for2<h<T and Qn, = :
0 for h >T
TZ Poh—T+4g for h > T

First, using Lemma A.2, EU W, = o3tr (220—1 PnhQ;Lh) As Q,p, is specified above, EU,p _Var =
Aodtr <ZZ:1 P,L;L) Also, as Py, is specified above and P,;, = By, P"

n’

T h—1 oo
Z Pnh - BlrLT Z <Z Pg) = Bln Z Pfi + RnT (AQO)

g=1
where R,7 = Bi, 3 ZZ:Q (Z}g:ll P,i{) —Bi,, Z L PY. Astr(By, Z P?) is O(n), it remains to investigate
the order of elements of the remainder R,r. Because R,7 = BMT Zh 9 (Zh;ll Pﬁ) — Bin Zgozl Py =
—Bi, 2 S T-Ephsee Pt follows that |Rurll,, < & || Buall, HZT tprll s P =
TP < 352, abs (P,’Z)HOo and sup,, ||ZZO:0 abs (P})|| ., < oo. This

uniformly in n, because

implies that elements of R, are of order O(%) uniformly in n. Hence,

_ _ 1 >0 1 > 1 n n
/ _ 2 _ 2 2 _
U,y Var = moftr <B1n NPy RnT> = ot (Bln g§1Pg> + modtr (Rur) = 0 () +0 (75 -

g=1

Second, using Lemma A .4,

VW(ID;%T,AVTLT) = COW(M;LTWHTaIU;zTWnT)

(z PP) (z @nh@;,h) n (z @nhzﬁ;h) (z c:;nhé:,h>
h=1 h=1

e
- 30-0 Z Z hth 1% nhth)u

h=1i=1

_ 4
= optr

For the first term, because of the special form of Q,,p, it becomes ogtr [% (ZZ‘;I P,L;LP;L,J + 72 (Zle leh) (Zle Péh)] ,
which is O (7#%). For the second term, it is 7 (py SUO)Zh >y [( ”h)“r; also, its order is O(7s)

because elements of 35> | P, P/, have order O(#) uniformly in n, as shown in the proof of (A.8) in Theo-

rem A.7. Also, each element of P,,), is of O(%) uniformly in n by construction. Therefore, Var(@;LT7_1‘77LT) =

O (7% ) and hence, Var(\/%ﬁ%ﬂ_anT) = O (%). Using Chebyshev’s inequality, \/> (U 1Var — E (U _1Var)) =
o) m
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Proof of Lemma A.12

As B, is the lower diagonal matrix constructed from B,, by deleting the diagonal and the upper triangle
entries,
0 0 e 0 0
bn21 0 e 0 0
B, = bpsi  bpg2 - 0 0
bont ban2 0 bpnn—1 0

As B,, is uniformly bounded in both row and column sums, B, will also be uniformly bounded in both row

and column sums. We note that

n i—1
anz(z bnijvjt Kan Vn
i=1 j=1
Z Un,t—1,i Z b'IL’LjU]t / 1B Vnta

and

n
!
E knittn -1, = KU +—1.

Furthermore, because (Zj 11 bnijvje)? = Véth/em- - el B Vo with ey,; being the ith unit vector of R™ and
D i1 €ni€y; = I, we have 3770 1(22:11 bnijvjt)? = Vi By By Vi
For (a )v nT Zt 1 Z (Z mﬂ’Jt)Q - %U%[tr(B?z) —vech (Bn)vecp(B,)] = nT Zt 1[Vr:tBE By, Vit —

o2tr(B; B;)]. It’s variance is

T n
! T 4 oL
(nT)2 ; VaT(VntBn Bn Vnt) — (TLT)Q { 30—0 ; B B n + 200tT[(B B ) ]} = O (nT) R

because B, /B; is uniformly bounded in both row and column sums. Thus (a) follows by Chebyshev’s
inequality.
For (b), 4= S0y Sy ki (21 baigvje) = 75 ¢y K0, By, V. Tts variance is

O'OT
(nT)?

K! BB, K, O<1>

T
1
Gl ; Var(K!B; Vi) = —

because elements of K,, are uniformly bounded and B;; B;, " is uniformly bounded in both row and column

sums. This proves (b).
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For (c), T%T ZtTZI Z?Zl u,,L,t_l,,'(Z;;ll bnijvje) = n% Zthl U;m_lB; Vnt. Its variance is

1 O'QT o
il § :Var (Un,e—1 B Vir) = 7(n%)2E(U;’t,1Bn B, Up-1)
2 4 o0
osT o , ooT o , 1
= B B FE _ = ——tr(B, B E PP, = —
(nT)QtT( n Fn (U’ﬂ,t 1]Un,t71)) (nT)QtT( n n nh nh) O(nT )

h=1
because E(Up—1U}, , 1) = 0> pe; PunP), (from Lemma A.2) is uniformly bounded in both row and
column sums. This proves (c).
T T . .
For (d), T%T Sy oy kit 1 = T%T > ie1 KUy p—1. Its variance is

T
1 , B O'OT , 1
( T)2 tzlenE n,t— 1Unt 1)K K Z-Pnhp K, = =0 nT

This proves (d). ®

Proof for Theorem A.13

We are going to use the following Theorem (Génsler and Stute (1977, p.365)) to prove our CLT.
Theorem A.1 Let {X;,,Fin,1 < i < ky,n > 1} be a square integrable martingale difference array.
Suppose that for all e > 0, (1) Zf;lE [anI(|Xln| > €)|Fic1n) 20 and (2) nglE [in|fi,1’n] 2,
then Z 1 Xin 5 N(0,1). And a sufficient condition for (1) is ngl E {|Xi’n|2+§} 2,0 for some § > 0 (see
Potscher and Prucha (1997), p.235).

Consider the o-field

fn,t,i = U(”lla”?la 5, Undy s ULe—1,0 0 5 Unjt—1, V1t " " ;vit)7 (A21)

then E(znti|Fniz1) = 0 and E(zpei|Fni—1.n) = 0. As a convention, define F, 1o = Fp -1, Thus,
{zntiyFnis 1 <t <T,1<i<n} forms a martingale difference array. To see explicitly that this is a
difference array, let j =n(t — 1)+ i for 1 <i<mand 1 <t <T. Thus, j takes integer values from 1 to J
where J = nT. The o-field F,, ;; can be renamed as F;; and zj; = 2t ;. As E(z;;|Fs,;-1) = 0 because

E(znt,i|l Fnii—1) = 0 and E(zneilFni—1.0) = 0, {2Znt,i» Fneit = {27, Fsj—1} is a martingale difference

array.
Denote 275, = 25, ; = Ugt; , where 2t = (Wi t—1+dnti) Vit +bn i (V2 UO)—I—Q(Z 1 bmjvjt)vit, we will ap-
ply Theorem A.1 to ijl 275 = S 2" | Zuts. The sufficient conditions are (i) W S S Bl —
Qnr
0 and (47) % Zle P E(thﬂfnt,i—l) 2. 1. To apply Theorem A.1, we have k, = nT, Xin =25, =
nT

Znt,i

o - inour case and Fip, is defined in Equation (A.21).
nT
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To show (i): For any p > 0 and g > 0 such that % + % =1, as

i—1
zntil < (une1il + ldneil) it + [bnial - [0 = o8]+ 2Jvie] = > bislvze]
j=1
i1
1 1 2 2 1 1
= ([nt—1,il + Int,iD)[viel + [bnis 1ol + [0F; = 5]+ 2[vial > b7 [bnig 7 0se],
=
the Holder inequality implies that
1 1
i L i—1 q
il < | (vl + dneil)” + > bnigl |- [[0iel® + [bnil - 07 = 0317 + 2% 0iel® - O lbnislvje] 9)
i=1 i=1
Hence,
a
i P
Elzneil? < B [([ung—1il + |dnei])” + Z |bnij|
j=1
1—1
Elvig]? 4 |bnii - E|vj, — 03] + 29E vy |* - (Z |bnij | Evje|?)
j=1

Because the fourth and more moments of v;; exists, by taking ¢ = 2 4+ ¢ for some small §, there exists a

+ |dnei)? + 22:1 |bn’ij|]%. By the ¢,-inequality and

constant ¢; > 0 such that F|z,; 4|7 < 1 E[(|un,t—1.
because B,, is bounded in row sum norm, there exist constants co > 0, c3 > 0 and ¢4 > 0 such that

P

[
([tem =l + ldnea )P + D> [bnijl | <287 [(Jtnem1] + |duea)? + c5]

Jj=1

< 2%_1[2q71(‘un,t—1,i|q + |dnei]?) + e3] < caltni—1.4*T0 + cay

as ¢ = 2 + ¢ implies % = 1+4. As Eluy;|* = O(1) uniformly in n, ¢ and i (from Lemma A.10), it

follows that E|zn:|**° < creaElun t—1.:1*+° + c1ca = O(1) uniformly. Because aétl‘;, = O[(nT)"*+%], one has

T)2

— i Zthl S Elzni*1° =0 (( L ) which goes to zero. This proves (i).
7Qnr n

To show (ii): Because zpti = (Un,t—1,i + dnti + 2 Z;;ll bnijvje) Vit + bnii(v3, — o), it implies that

i—1 i—1
E(th,ﬂfnt,iﬂ) = 02 (tn 1,4+ dpti +2 Z bm’jvjt)2 + (g — 0)02 55 4 2t3bnii (Unt—1.i + dpti + 2 Z bnijVjt),
Jj=1 j=1
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as E(vi(v% — 03)) = pg and E(v} — 03)? = pu, — of. Therefore,

E(Zit,i|-7:nt,ifl)

[M]=
NE

~
Il

1 1

-
Il

n

MH

= o5
t

Il
s

=1

i—1
Z Up,t—1,i + 2 Z bnijvje)? + 2
=1

T

t=1 i=1

i—1

Z Z[Ugdnti + pgbniil (Unt—1,0 +2 ) buijvji)
=1

!

- UO T Z bnzz + 2”3 Z Z bn“d’ﬂt’b + 0-% Z Z d’l’Lt’L

t=1 1=1

This can be compared with O'QQnT, which can be rewritten as

Q - TU(]tr Z Pnhpnh)+2ogT[t{r B2 Z bnu +T /1‘4 U() Z bnzz+2u3 Z Z dntzbmz"‘ao Z DntD’ﬂt

h=1 i=1

t=1 i=1

From these, we can see that (ii) follows from the results in Lemma A.12 and Theorem A.7. B

B Lemmas for Some Statistics in the Model

Denote Z,; = (Yo 1—1, WoYs -1, Xnt), we are going to provide some lemmas related to Zots Zny and

Vnt7 Vnt .

Lemma B.1 Under Assumption 1-7, for an n X n nonstochastic matriz B,,, uniformly bounded in row and

column sums,
1T
>
— > Z,BnZn
t=1

where B Z 7! BpZnt is O(1);
t=

T . -
where E- 3" V!, B, Vi is O(1).
=1

ZZ’ BuZni = O, (&) (B.1)
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Lemma B.2 Under Assumption 1-7, for an n X n nonstochastic matriz B,,, uniformly bounded in row and
column sums,

12 _ 1= _
ﬁZ;LTBnZTLT - EEZ;TBnZnT = Op( ) (B4)

1
vnT
where E%Z,’ZTBnZnT is O(1);

1. _ 1 _ 1

where E%Z;LTBnVnT s O (%),

1 _ 1- _ 1
EVTZTBHVTLT - EEVTQTBnVnT = Op < > (BG)
where E%V,{TBRV”T s O (%)

Also, from Equation (2.3),
Znt = Z;;t - (UnT,fla WnUnT,fh 0)

~
~ _

where 7%, = (Xpi—1 + Unii—1)y, WaXn i1+ WoUnyo1), Xpi) with Xpy1 = X1 — Xpr,—1. Hence
Zp,: has two components: one is Z;‘;t, which is uncorrelated with V,,;; the other is f(Unﬂ_l WoUnr.—1 0),

but is correlated with V,,; when ¢t < T — 1. Following is a lemma related to Z;t and Z,;.

Lemma B.3 Under Assumption 1-7, for an n X n nonstochastic matriz B,,, uniformly bounded in row and
column sums,

T T
1 . - 1 - . 1
E— E Z BpZn — E— E Z¥BpnZ*, =0 = B.
nT i nt t nT nt nt (T) ( 7)

t=1

BnZ%, is O(1).

nt

T
1 el
where E— t; Z

Lemma B.4 Under Assumption 1-7, if the elements of c,o are uniformly bounded, then the elements of
T

% > (Grneno + GnZnido);, (Zni)i) are Op(1) uniformly in n and i, where (Gpcno + GrZnido); is the ith
=1

element of (Gncno + GnZnt0o) and (Znt); is the ith row of Zps.

Proof for Lemma B.1
As Zpy = (You—1, WY -1, Xni) and Yy = p,, + XufBy + Une according to (2.3), elements of ot
have two components in general: one is T[NJ,L,t_l (or Wn,t_l) and the other is a certain nonstochastic n-

T =~/ = T =~/ =

dimensional vector, say Dy,;. From (A.9) in Theorem A.7, -~ tz_:l U, 1Wai1— E(5 tz_:l U, 1Whi1) =
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~ ~ T | =
O,(—=) where E(-% > U, ;—1Wy 1) is O(1). From Theorem A.S8, L t; DUy = Op(\/%)- Hence,

VnT nT =
T _ T . .
4= 20 BpZny — B2 > 2By Zyy = Op(\/T) where E—L- Z nt 18 O(1). This proves (B.1).

o~
I
—

according to Theorem A.11. As elements of — Z Z! Vi are just —= Z D!,V and -+ Z U,Lt Ve, (B.2)
is proved. And (B.3) is just (A.14) in Lemma A 9 [ |

Proof for Lemma B.2

Similarly to the proof of Lemma B.1, elements of Z,; have two components in general: one is U,z 1
(or W,,7,—1) and the other is D,7. From (A.8) in Theorem A.7, %TU’HTW”T — E(%TU’”TWHT) =0, (ﬁ)
where E(%@;TWHT) is O (%) From Theorem A.8, %D;T@nﬂ,l =0, (\/%) because elements of D,,; are

LD, B,D,r = O(1). Hence, 22! .ByZnr — EXZ! 1By Znr = O, (ﬁ)

where ELZ! By, Z,r is O(1). This proves (B.4).

For (B.5), LD/, Vur = O, (%T) because Var(L D Vur) = O (). Also, 10,7 Vier = E (LUl Voer) +
O, (ﬁ) where F (;Uim_anT) =0 (%) according to Theorem A.11. As elements of %Z’LTV”T are just
LD} +Var and %@;T771VnT, (B.5) is proved. And (B.6) is just (A.13) in Lemma A.9. W

uniformly bounded. However

Proof for Lemma B.3
From (33), ng = Z:;tf(UnT’_l, WnﬁnT,—l, ) where Z:Lt = ((;(n,t—1+Un,t—1), (Wn.;(n t—1+WnUn7t—1),
~ T . . .
Xnt). Hence, elements of Eﬁ S Z!BnZnt — Eﬁ E Z:LQBanfbt have the form of E( U/ W, r), which is
t=1 t=1

O (4) according to (A.8) in Theorem A.7. W

Proof for Lemma B.4
First, = T Z (Gneno)i = (Gneno)i = (WinS; teno)s = el ;W S, Lo where e,,; is the ith unit vector of R™.
If the elements of Cno are bounded, emW S Cpno is bounded because W,, and S, 1 are row sum bounded.
Second, = 7 Z (GrnZntdo); = Z e GnZnio. As Zn = (Yoi—1, WoYni—1, Xne) and elements of
X, are umformly bounded, it is safﬁment to show that for a nonstochastic n x n matrix B, which is

uniformly bounded in row and column sums, T Z €l,;BnYn -1 is stochastically bounded. From Equation
t=1

(2.3) that Y, = Z ArS=1(c,o + Xnt—nBo) + Unt, we only need to show e}, B, (Z AZS,jlcno> and
h=0

HMH

o
BnUn,t,l are stochastically bounded. e;iBn (Z AZSnlcn()) is bounded under the assumption
h=0
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T T
that elements of c¢,g are bounded. For % > eliBnUp -1, it has zero mean and Var(% >oeliBnUni—1) =
i=1 =1

% Z Z enzB ( (Un,t—qu{L7s_1)) Bgem

t=1s=

By Lemma A2, fort > s, B(Uny1U), o 1) = 03(3pney Put—stnPly,) and, for s > t, E(Un—1U) ) =
o3(>ne, PP}, oy yy)- For our case, Un: = 3,2, APS IV, oy = > pe ARSIV, g, and, hence,
Py = AM1S b =1,2,---. So, for t > s, Pyy—sin P, = AL 5Py, Pl ; and, for s > t, PunP) i =

Pon P, A7 Tt follows that

00 t—1
20 PrasenPlu) = (2 Au) ZPnh )
h=1 =0

s=1

and

T oo oo T—t
Z ( PnhPrlhsfiH’h) = (Z PnhPrllh)(Z A;zl)
=1

s=t+1 h=1 h=1

Both matrices are uniformly bounded in row and column sums. As B,, is also uniformly bounded in both row
and column sums, it follows that B, ZST:1 E(Uy,t-1U,, s 1)B,, is uniformly bounded in row and column sums,
and [B ZéT_l E(Unt-1Uj, 5 1)B;L] _is uniformly bounded in n and i. Hence, Var(% Zthl e iBnUni-1) =
O ( ) Therefore, = T Zt 1€ iBaUn i1 = O (%) The results in this lemma follow by taking B, equal
to Gpn, G,W,,, W, and I,,. &

C Concentrated QML Estimator

C.1 Reduced Form of (2.1)

As Zpy = (Yo e—1, WoYo1—1, Xnt), the reduced form of (2.1) can be represented as

SJIZnt(SO + Sﬁl (CnO + ‘/nt) (Cl)

= ZntJO + )\OGnZnt(SO + 5771(%0 + Vnt)y t= 17 2a EE) T

because S, 1 = I, + \oG,, where G,, = W,,S;;1. This implies that

Yi = S Zu00+ S Vi (C.2)

= Zpi6o 4+ MG Znibo+ S; Wiy, t=1,2,...,T.
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C.2 The First Order Condition and Second Order Condition

For the concentrated likelihood function (2.5), the first order derivatives are

dlnL,, 7(0) #%ti:l N;Lt‘ZLt(C)
a6 =
1 0lnL,r(0) 1 9l L, 7(0) 11 NI
ZALEAE dnLer@ | = | L Wi ¥) Vit (C) — trG ()\)) (C.3)
- — 23 LA Y (Wada) T, . ,
vnT O T I
P 11 T (O 2
20% \/nT t;(vnt(c)vm‘/(C) no )
and the second order derivatives are
L= 5 5 L= 5 Y L= 5
Ft; ;Ltht Ft; ;Lth}/’nt Ft; ;Lt‘/nt(C)
1 0%In L, (0) 1 - L Z o (AU
2 o) LS (W Yt W Vot + (G2 (A ) 1S (W V) Vi
e o . =D (UAMLAREREEN) D UMMM
T . -
* * — 3 + 55 t; Var(QVae (€)
(C.4)
Hence,
oot o e 3 2T
1 8lnLn7T(90) . 1 81n Ln.7(00) o 1 1 T it 177 1 1 I YAy, 2
\/n—T 89 - \/’I’LiT m - ?% T t%(GnZnta()) Vnt + 73 /nT tZI(VnthVnt - Jotan)
n Ly ,7(0o .
— o0z ot wlﬁ; (Vi Vot — no)
(C.5)
and the information matrix is equal to
1 8211'1[4”7“(90)
Yoonr = —FBE|———-—FF+7—
Bo,nd (nT 9600’ )
1 I 71 7 1 I 71! 7
ognTEt; Zipt Zint USTLTEt; 1 1GnZntdo 0
T - - T - -
JgﬁEt;(GnZnt(So)’Zm ngTEt;(Gan(So)’Ganéo + % [tr(G;Gn) + tr(Gi)} U%intr(Gn)
0 ﬁtT(Gn) ﬁ
0 0
0 * *
- %%E(GTI,ﬁLT)/ZnT U(%%E [(GnZn,TaO)/GnVnT] + niTt’l"(G{”Gn) *
51 / 5 = /
O'%TLE (Z;LT‘/”T) ofl)nE [(G"Z”T(so)/VnT] + agithr(Gn) %oig
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Using Lemma B.2, the second matrix of above is O (%), so, Xg,,nr = —E (an %)

US;TE;: 7! Tt UOnT Z:j G Znido 0
%%Eté (GnZn100) Znt Ug;TEé (GnZnt00) GnZnido + ;- [tr(Gl,Gn) +tr(GR)] 5a:tr(G) +0 (;) :
0 (j(%ntr(Gn) ﬁ
(C.6)
C.3 The Variance of the Gradient
We are going to show that for \/%MLgigT(m (3.4), E(\/:TTW . :LTW) = Ygo,nT +

0 0 0

1 _ H4_304 1 . . 1 61nL*1T(00)
Qo .nr+0 (T) where Qg n1r = 0730 0 Z Gn i 3o%n trG, |. First, we can write E&/ﬁ#

1
0 20(2)” trGy, 7

4oy
1 81nL:,)T(00)) o
vnT 06’ -

!
Z;;;vm> 0 0

M=

1

T - T
Bl & (Z(anztéo)'vn X (ViGiVar a%tan)) (
t=1 t

T T !
sty (S0t =) ) (£ Zitvie) 0 0

t=1

0 0 0
T T 2
+E% 0 % <Z(G Z* +00) Vit + Z(V’ Gl Vit a%tan)> *
n 0 =1 =1
) T T !
0 203 <t2:1(G Zntao) Vit + t;(VAtGInVnt - U%tTGn)> (tzl(Véthg - na%)) 0
0 O 0
+Eﬁ 0 0 0 N As Z;;t is uncorrelated with V,,;, we
T T
0 0 = (Z(V’ Vot —nod ) <Z nag))
0 \t=1 t=1
have E(\/% 8111 LgeT(eo) . \/%811’1 Ldne;r 90
T _ T
%E Z VAR Z :Lt(SO 0
= I 1 a f ' 2 1
o 0'07LT 2( ) Z*t ggnT 2 (G Znt ) G nt50 + 5 [tr(GnGn) + tT(Gn)} ggthT(Gn)
0 sitr(Gn) 50T
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k

0 *
7 30’
+ (o nT Z G” i ) L Z G" ”E(Z G Znt(so) + M4 R Z Gn % * . For the first

( a(‘%nT
T " 30’ “w 304
[ — / 4 0 K472
20 'rLT " z QO'STLT 'LL3l7LE t; G" 50 + trG” 408

1 &Mﬂ

T .
matrix, it is equal to Xg, 7 + O (%) using Lemma B.3. For the second matrix, £ > Z*, = 0 and
=1

L A o L OWLjp(00) 1 9lnLj p(0o) 1
Et; GnZiydo = 0. Hence, B( A== - A=) = Sognr + Qegnr + O (+). When Vj,
are normally distributed, Qg, 7 = 0 because i, — 30§ = 0 for a normal distribution.

_ 1 PInLyr(0) 1 82WLyr(9) 1 02 Lar(fo) _ 1 9*InLyr(6o)
C.4 About — ZE=—575r = — 7m0 > E—5550— and — 555

Denote ||@ — ]| as the Euclidean norm of 8 — 0y, and ©; as a neighborhood of 6y, then, we have

1 82 h’anT(Q) 1 lenLnT(Qo)
o G Rerly) (L 2 T METI0)y g gl - O, (1 c.7
1 (92 lnLnT(Qo) 1
—— ) = Yp,nr =0, | — |, C.8
( nT 8989’ ) 0o,nT p \/ﬁ ( )
1 0*InL,7(0) 1 _0%InL,7(0) 1
b A A By et SN o WY (R C.9
b\ osorartasor |, = O\ Var (©:9)
and
82 lnLnT(H)
——F—F—~ — Y, = 0 — 6ol - O(1 C.10
S | E gy S| = s 1060l 01 (€10)
forall¢,j =1,2,--+ k; +4.
Proof for Equation (C.7)
1 8%InL,7(0) 1 8*InLnr(80)y _
T nT 0000’ - (7n7T 8089’ ) -
(52 = 52)ar Z * %
1 T - !
(# - Uig)ﬁ Z (Wn nt) nt 0 O
t=1 .
#niT Z ‘N/nt(C)Znt - UiénLT E ~ritZVlt 0 0
t=1 t=1
0 0 0
T - -
+| 0 G ar X WaYad) WaYar + 5tr(GLO) = GT) -
T - T . -
0 ﬁ% E Vét(g)WnYnt - "ié# E Vr;th}/nt 0



0 0 o X VOTle) — e — e X Vi + 2
First, 1¢r(G2(X) :Gz) = Ltr[(Gn(N)3)(A — )\0) Where A lies between A and Ao. As 1tr[(G,(N))?] is
uniformly bounded by Lemma A.7 in Lee (2004), L¢r(G2(X\) — G?2) is of the order |A — Xo| - O(1). Second,
as Ve (Q) = Ve — (A = X)WVt — Zpi(6 — 60) and W, Yyy = G Znido + G Vi, using Lemma B.1, all the
entries in the above matrices are of the same order as ||§ — || multiplied by stochastic terms of orders not

bigger than O,(1). Hence, —%% - (—%%) =10 — 6ol - Op(1). M

Proof for Equation (C.8)
( 1 (9 lnLnT(eo))
T

nT 0000’ _T T
meir & ZinZoe = 3Bl - Zi ) .o
1 1 & _~ "5 1 1 } 7 "5
Ll S (WaViu) Zu— HEGE X (WaVur) Zu) 0 0
t=1 t=1
R N IV B A
T Z ntht 4E( T Z ntht) 0 0
ogn = o5 n =
0 0 0
1 1 I \/ 1 1 I \ 7
—+ 0 Tgﬁ Z(WnYnt) WnYnt 8E(ﬁ Z(Wn nt)/WnYnt) *
t=1 t=1
T - T . -
0 A C VWV = BB 3 VW 0
t=1 t=1

As Vnt(C) =Vnt — ()\ /\O)W Ynt nt 6 60

0 0 0
+]1 0 0 0
L1 O 1 ¥
0 0 U—%WZVmVn _?gEnTZ Vit
nd W, Yy = GpZpido + G Vi, using Lemma B.1, all the
)-

entries in above matrices are of the order O, (

Proof for Equation (C.9)
_ 1 9°InLyr(6) _ (—L 2 Lur(6) )

nT 06006’ T 0000’ T
S 3 Dol — BB Y Zule) ¢

t=1 t=1

T B N T ~ ~

#% Z (WnYnt)lZnt - %E(ﬁ Z (WnYnt)lZ”t) 0 0

i=1 t=1

T _ N T . -

b X Vi — REGE S Vi Zu) 00

H_
Il
-
~
Il
-
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o2 n = o2 P
1 1 I Cr) 1 1 T ~ ~
0 ot nT 231 Vnt(C)WnYnt - FEW Zl Vnt(C)WnYnt 0
t= t=
0 0 0
+( 0 O 0

T _ - T
00 Fogr X ValOVarl©) = 5B 2 Vi) Var(€)
t=
As ‘7nt(<) = ‘ZLt - ()\ - AO)WIL}N/’!Lt - Z’nt(5 - 50) and Wn,i/nt = GTLZTLt(SO + G’n‘sza by Lemma Bla we have

1 8%In L,7(0) o 1 .
SUPpco |~ 7T —agasr — 260.nT g Op o because © is bounded. B

Proof for Equation (C.10)

8%InL,r(0
E 6966;{( ) ZQO,nT =
T
1 1 71 77 1 1 71 7
?E(ﬁ stan)—UgE(,TTtZl it Znt) * %

T . ~ T ~
0 LEL ;1 Vo OWa Yot = 1By t; V! W, Y 0
0 0 0
oo 0
1 1 & VAR,
0 0 FBd X VOO - H Bk X Vil

As Vi (¢) = ,Lf—()\ )\O)W,LYnt Znt(6—00) and W,LYM = G Znt00+Gn Ve, and with expectations of the rel-

evant terms are of orders no larger than O(1) by Lemma B.1, we have supyco, |—— E%ﬁ(m Yonr| =

ij
Supgeo, |0 — 0ol - O(1) because O is bounded. W

D Proofs For Claims and Theorems in the Text

D.1 Proof of Claim 3.1

To prove n% InL,7(8) — Qnr(0) 2.0 wuniformly in 0 in any compact parameter space ©:

From Vnt(() = ?nt — )\Wn?nt — Zm5 and Vnt = Vnt((o)v
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Vnt(C) = Vnt - ()\ - )\O)anfnt - Znt((; - 50) (Dl)
Hence,
Vét(g)vnt(o = Vv;tf/nt + O‘ - )‘0)2(WnYnt)anYnt + (5 - 60)/Z;Lt2nt(6 - 50) (D.2)
+2(A = M) (Wi Ynt) Znt (8 — 80) — 2(X — Xo) (Wi Yot) Vit — 2(8 — 80)' Z1 Vs
where, using W, Yy = G Zpi0o + GnViy which is implied by (C.2),
(Wni/nt)/an/nt = (GnZnt(SO)l(GnZnt(SO) + 2(GnZnt§0)/GnVnt + (an/nt)/GnVnt
Using Lemma B.1,
ﬁ 23:1 Vritf/nt - Eﬁ ZtT:1 ‘N/v;tf/m‘/ = 0,
”% Zzzl(wnﬁLt)/Wnﬁzt - En% 23;1 (Wnifnt)lwnffnt ﬂ) 0,
ﬁ ZtT=1 Zy/thnt - Eﬁ ZtT=1 Z’;Ltht 2 0,
ﬁ E?:1(Wn?nt)/2nt - E% ZtT:1(Wn?nt) Z %0
% ZZ 1(W Y/nt)/f/nt - % ZZ 1(Wni/nt) f/ ﬂ’ and
nT Zt 1 ;:t ~nt T Zt 1 Znt Vit = 0.
As O is compact so that A, § are bounded in ©, we have
1 -, -
v Z Vi () Vi ( EZ %5 0 uniformly in 6 in ©.
t=1
Also, 2=In Ly 7(0) = =3 In 27— Ino?+L In |8, (\)|— 5ap Zt V(O Ve (€) and Q1 (0) = E-=InL, r(9),
using the fact that o2 is bounded away from zero in O,
1 1 (1 & d
—InL,70)—Qnr(d)=——— | — V! Y ——E Y Y
— Ly r(0) = Qur(60) = —5 (nTgvm(ov Ezjv Vot )
uniformly in € in any compact parameter space ©.
To prove Qn 1(0) is uniformly equicontinuous in 0 in any compact parameter space ©:
T . .
We have Q,r(0) = EZ-InL,r(0) = —1ln2r — Llno? + LIn|S(V)| - ﬁE; Vi (OVar(€). As

Vnt(C) = Sn()\)?nt - Znt(s and ?nt = S»;lZnt(SO + Syjlvnh

Vit (Q) = Sn(N)S; Znib0 — Zntd + Spn(N) S 1 Vs

Hence,
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1 e, - 1 & N _ _ N
Eﬁz it (OVar(Q) = ﬁE;(Sn(A)Sglzméo—Zma)'(sn(A)S;IZmao—Zma) (D.3)

17T-1

LA G OVE MOV
2 & . . N
+ﬁE Z(S»,L()\)S;1Z7Lt5o - Z'rLt6)/Sn()\)S;1‘/nt-

The third term 2 FE ZT:(Sn()\)Sglzméo — Z10)' 80 (N)S; Wy is O (%) according to expected values in
Lemma B.1 and the OIt‘ZEl)I“ 0] (%) is uniformly in 6 in © because it is a polynomial function in 6 and © is a
bounded set. The first term is equal to (8’ =84, A—Ao) EHpr (' =385, A—Xo) using S, (A)S,; 1 = I,—(A=X0)Gy;
the second term is equal to Z=02(\) where 02 () = %gtr(S;L’lS;L(/\)Sn()\)Sgl), which are all polynomial
functions of 6. To prove Q, r(f) is uniformly equicontinuous in @ in the compact parameter space O, the

followings are sufficient: (1) Ino? is uniformly continuous; (2) 1In|S,(A)| is uniformly equicontinuous; (3)

2
n

(8" — 35, A — Mo)Hnr (6" — 85, A — Xo)’ is uniformly equicontinuous; (4) o2 () is uniformly equicontinuous.
(1) is obvious because o2 is bounded away from zero in ©. For (2), 2In|S,(A2)] — L In[S,(\1)| =
Lir (WSt (X)) (A2 — A1) where A lies between A and A;. As S, ! (A) is uniformly bounded in row and col-
umn sums, uniformly in 6 € ©, L¢r (W,,S,;* (X)) is bounded, we have 1 In |S(A)] is uniformly equicontinuous.
For (3), because ¢ and A are bounded and because EH,,7 is O(1) according to Lemma B.1, the result follows.
For (4), 02(Aa) — 02 (A1) = Zotr(S/18, (Aa) S (A2) S ) — Lotr(S/ LS, (A1) S (A1) S L), Using S,(A)S;t =
I —(A=20)Gn, 02(Aa) — 02 (\) = 02 {(& — A1) (o + Ap — 2)) 9aGn (3, — 2y) t(Gn*G)} . AsG.G,

and G,, are uniformly bounded in row and column sums, o2 () is uniformly equicontinuous. W

D.2 Proof of nonsingularity of the information matrix (page 8, footnote 3)

We can prove the result by using an argument by contradiction (similar to Lee (2004)). For 3y, =
limy_, o g, nr, where 3g, 7 is (C.6) in Appendix C, we need to prove that g, = 0 implies o = 0 where
a = (o), as,a3) and ag, a3 are scalars and a7 is (ky + 2) x 1 vector. If this is true, then, columns of

T . .
X, would be linear independent so that ¥y, would be nonsingular. Denote Hs = limyp_, ﬁ S Z Znt,
t=1

T . . T . .
Hg)\ = limT_,OO # Z Z,:lthZnt(So, H>\5 = Hg)\ and H)\ = limT_,OO ﬁ Z (GnZnt(S())/GnZnt(S(), then
t=1 t=1

EHs EHsy 0
1 2
Yo, = — | EHxs EHa+ limy, oo 22 [tr(GLGr) + tr(G2)]  limy— 2tr(Gr)
0
0 limy, o 2t7(Gy,) Tiz
0

Hence, ¥, = 0 implies
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%EH(S X o + ﬁEHé,\ X ag =0,
0 0
%EHN; X o + (%EHA + lim,, o % [tr(G;Gn) + tr(G%)]) X g + limy, e ﬁtr(Gn) X az =0,
0 0 0

lim,,— 0o %tr((}' ) X g + 3 4 x a3 = 0.

2
From the first equation, oy = —(EHs) ™' EHsx X arz; from the third equation, az = —21lim, . 22tr(G,) X az.

By eliminating a; and ag, the remaining equation becomes

n—oo N n

{(01% (EHy — EHA(;(EH(;)lEHg,\)) + lim 1 {tr(G;Gn) +tr(G%) — 2”2(%} } X ag = 0.

Because tr(G.,G,) +tr(G?) —2MTG’*) = %tr [(C] + C,)(C] + C,)'] > 0 where C,, = Gy, — "G” 1,,, combined

with the condition that limyp_, . E'H,r is nonsingular, we have as = 0 and hence o = 0. B

D.3 Proof of Theorem 3.2

T . .
As EY V! Vo = n(T — 1)03 according to Lemma A.9, at 6, the expected log likelihood from (3.1)
i=1
implies

T nT T-1
ElnL,L,T(eo)z—%ln%— 5 lnag+Tln\Sn|—u.

Denote o2 (\) = %gtr(Sgl’S,’L()\)Sn()\)Sgl). By using S, (\)S,,; ! = I, + (Ao — )G, for (D.3), it follows that
LB L, r(0) — 2 Eln L, 7(00)
= —2(no® —Inod) + L[S, (A)| — £ In|S,| - (202 L sz EV}, (Ve (€) — T2T1>
=T ,(A\ 0%) — 522T2,0,7(5, A) + o(1)
where Ty ,,(X,02) = —1(Ino? —Inod) + L In|S,(A)| — L In[S,| — 522 (62(A) — 02) and

n

T
1 ~ ~ ~
Tonit(8.0) = 17 2 E {(Zat(80 = 8) + (o = NG ZuiBo) (Zuu(60 = 6) + (Ao = NG Zido) }

Consider the pure spatial process Y,; = AgW,, Yyt + V¢ for a period t, the log likelihood function of this

process is

InLyn(\ o2) = ,g In 27 — gln 02+ 10 [Sn(N)] = = (Su(A)Yit) Sn(A) Vs (D.4)

252
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Let E,(-) be the expectation operator for Y, based on this pure spatial autoregressive process. It follows
that
Ep(2 10 Ly (0 0%)) — Ey(21n Ly (M0, 03)

= —1(Ino? —Ino}) + + In|S,(A)| — £ In|S,(Ao)| — 523 (02(A) — ), which equals to T} ,, (X, 02). By the
information inequality, In L, ,,(\,0%) —In L, ,,(Ao,03) < 0. Thus, T1 (), 0?) <0 for any (A, 0?).

For Ty ,, (8, A), it is a quadratic function of 6 and A. Under the assumed condition that limp_,.c EH,1
is nonsingular, T ,, 7(0, A\) > 0 whenever (5,)) # (Jo, Xo), 50, (J,A) is globally identified. Given Ao, o3 is
the unique maximizer of T1 (o, 0?). Hence, (0, A, 0%) is globally identified.

Combined with uniform convergence and equicontinuity in Claim 3.1, the consistency follows. B

D.4 Proof of Theorem 3.3

From the Proof of Theorem 3.2 (see Appendix D.3),
1 1 o1
niTEln Ln’T(a) — ﬁEln LnyT(a()) = len()\, (o ) — T‘zTQ’n’T(é, )\) + 0(1)

H H
When E o o is singular, 0o and A¢ cannot be identified from T5 ,, 7(d, A). Global identification
Hin  Ha

requires that the limit of T3, ()\,02) is strictly less than zero. As Tj,(\,0%) < 0 by the information
inequality, T1,(,0%) # 0 is equivalent to = 1In |35, 1S Y| # L1n |02 (AN)S,; 1 (A)S,; Y (A)] (see Lee (2004),

Proof of Theorem 4.1). After A\ and o} are identified, given Ao, do can be identified from 7%, 7(J, \).

Combined with uniform convergence and equicontinuity in Claim 3.1, the consistency follows. B

D.5 Proof of Claim 3.4

Denote Zp = (Yo,t—1, WnYn 11, Xpnt), then from Equation (2.3),

Znt = Z:,t - (UnT,flv WnUnT,fh 0)

~ _

where 7, = (Xni1 4 Uni—1), (Wadlnia + WulUni1), Xpp) with Xy = X1 — Xyp 1 and
Xnit—1 is . Hence, Z,; has two components: one is Z,*Lt, which is uncorrelated with V,,;; the other is

—(Unr.—1, WoUpnr —1, 0), which is correlated with V,,; when t < T — 1. Correspondingly, 1 _9mEnz(0) _

VnT 00
\/iﬁw — A, where \/%W is in Equation (3.4) and A, is in Equation (3.5).

* (0 i . .
For \/%8111%‘7;(0), the central limit theorem of martingale difference arrays (Theorem 2.4) can be

applied. For A, 7, using Theorem 2.3, it is equal to \/Zba, + O (\/7%5) + O, <\/;) where by, is O(1) in
(3.8). m
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D.6 Proof of Claim 3.5

This is Equation (C.7).

D.7 Proof of Claim 3.6

This is Equation (C.8).

D.8 Proof of Theorem 3.7

Equation (3.10) follows from the Taylor expansion v/nT (0,7 —0) = (-5 W)_l 1_9lnLn,r(%)

JnT 09
where 0,1 lies between 6y and 6,,7.

1 82 lnLn,T(anT) _ 1 82 lnLn,T(@nT) 1 62 In L?L,T(HO) 1 62 In L"L,T(eo)
As —or 00— = \—wr—aeve— —\—nr—amor ) T \—ar e — Lot ) T

S6,.n7 where the first term is ||6,,7 — 6o|-O, (1) (Equation (C.7)) and the second term is O,, (\/%) (Equation

(C.8)), we have —ﬁ% = HénT — HQH -0,(1) 4+ O, (\/%) + Yo, nr- Because (1) Hé"T - HOH =

0,(1) as B,7 is consistent and (2) Xy, 7 is the nonsingular in the limit according to Assumption 8, we have

_ - -1
1 3*InLyr@nr) . - . 1 8*InLy,7(0.r) .
— o ——=aa0g—— is invertible for large n and T' and ( — = ——535"— is Op(1).

According to Taylor expansion, vnT (0,1 — 0y) = (—ﬁ%)i . (ﬁw - A,LT>
where —L 205200 4N (0,5, +0p,) and Ay = \/Fban + O (V) + 0y (1/3) with by = O(1).

Then, \/nT(@nT —00) = O,(1) - (Op(l) +0 (\/?)), which implies that

0,1 — 0o = O, (max (\/g, ;)) . (D.5)

Hence,

1 821nLn,T(énT)>_1 ( 1 81nL;,T(90) )
ol LU I — Aur

VT (bur = 00) = (_nT 9000’ JnT 00

~1
1 1 1 O0InL? (6o)
DIV —, = . : -A,r ). (D.
(o (s (Y1) (™8 ).
Using the fact that®

-1
[ 1 1 _ 1 1
<290,7LT + Op (max ( ﬁ’ T>>> = Eeol,nT + Op <maX < ﬁ, T>> (D?)

given that g, 7 is nonsingular, we have

8For two matrices Cy, and Dy, which are nonsingular and Cy, — Dy, = O, (T~") for n > 0, we have C,:l — D;l = C];I(Dk —
C)Dyt = Op(T 7).
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VT (O — 0)

_ 1 (91HL:17 (90)
<Z nT—l-O (max (\/Z T) ) TT 89T —AnT)

_ el 1 8lnLZ,T(90)+O e /il 1 8lnL;‘L)T(90)
o bo,nT nT 00 P nT’ T vnT 00

which implies that

N _ 1 1
vnT (0,7 — 0o) + Zeol,nT A7+ 0, (max <\/ el T>> Anr

OlnL* (6
adr + opl1)) - =t ) 03)

As g, = limp_ oo Yo, nT exists, then using Claim 3.4 and that A, 7 = ﬁbgn + 0 (\/%) +0, (ﬁ),

\/ﬁ(én:ﬁ—lgo)-l-[ bo. nTan-I-O (max <\/;, \/>)> —>N 0,%, (200 + Q4,)2 00) (D.9)

D.9 Proof of Theorem 3.8

gL

From the first order condition that %’Lg%iwc") = %
1

Znt(S) As SnYnt = Znt50 + Cno —+ Vmg and Sn( )S
T

7 3 ((In = (A= X0)Gn) (Znt6o + €no + Vi) — Zni6). Hence,
t=1

‘/nt(C)v we have énT(G) = % Z(Sn(A)Ynt -
1 t=1

I, — (A — Xo)Gh, it implies that &,7(0) =

Il
I

T

. 1

CnT(e) —Ch0o = = § I - A AO)C; ) (Znt(SO + Cpo + Vnt) - Znt(s) — Cno
t=1

~

T
1
= Z nt 5 50 ()\ - )\0> (GnCnO + GnZnt(SO) - (In - <)\ - )\O)Gn) Vnt] .

That means, for each fixed effect,

T T
éom(Brr)—ci0 = — = z:: (@ cn0+Gan50)i,(zm)i)x( 3“750 ) T;{(I — (uz = 20)Gi ) Var }.
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where (Z,;); is the ith row of Z,; and (G, cno + GnZntdo); is the ith element of (Gycno + G Znido). As
T

elements of % > ((Gneno + GnZntdo);, (Znt)i) are Op(1) uniformly in n and ¢ implied by Lemma B.4 and
i=1

0,10 = O, (max (,/%, %)) implied by Theorem 3.7, the dominant term of éi,nT(énT) — ¢;0 would be

T
% > vit. So, for each fixed effect,
t=1

VT (éiynT(énT) - co) 4 N(0,02) (D.11)

and they are independent from each other asymptotically. B

D.10 Proof of Lemma 3.9

Step 1: ||A,(6p))] < 1 for some matrix norm implies ||A,,(0)]] < 1 uniformly in a neighborhood of 6.

To show this,

An(0) — An(0o) = 551(/\)(71% +pWn) — Sgl(AO)(VOIn + poWh)
= [S,1 () = S QA0 (v e + pWa) + S, (M) [(v = 7o) I + (p = po) W]

= (A= 20)8, "MW, (M) (v Tn + pWa) + S, (M) (v — o) I + (0 — po) Wal,

because S, 1(A) — S, (Ao) = S, H(N)[Sn(Xo) = Sn(N)]S; H(Ao) = (A — Xo) S, LN WLS, 1 (Ao). According to
Lemma A.3 in Lee (2004) that S, !(\o) is uniformly bounded in row and column sums norms, it implies
that S, 1()\) will be uniformly bounded in row and column sums, uniformly in A in a neighborhood of \g.
From above expression, it becomes apparent that, for any € > 0, there exists a small neighborhood on which
|1 An(0)|| — ||An(00)|] < €. Therefore, when ||A,,(6p)]| < 1, it implies ||4,(0)|] < 1 for € in a neighborhood
N (6p) of by.

Step 2. Let 6 = supgen(a,) || An(0)|]. From Step 1, § < 1. Note that |[A,(0)|| < 1 implies that I, — A,(0) is
invertible and (I, — A, (6))~! = 72, A" (6) (Corollary 5.6.16 in Horn and Johnson (1985)). Therefore,

') [ee]
1
sup [|1, = A, (0)| 7 < sup Y [JARO)] < D" = —.
6€N(60) 0EN(60) j,—g h=0 1-90

Step 3. Let A, (0) = Y72 hAM=1(0) = I,, + 2A,,(0) + 3A2(0) + ---. It follows that A, (0)A,(0) = A,(0) +
2A7(0)+3A5(0)+ - - Hence, Ay (6) = An(0)An(0) = 3252, A (0) and An(0) = (In—An(0)) ™ 3272, A7 (0) =
(In — A, (0)) 2. Therefore, supge n(gy) [[An(0)]] < subpen(go) I1n — An(0)|]72 = ﬁ <oco. N
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D.11 Proof of Theorem 3.10

Theorem 3.7 states that vnT (0,7 — 6) + \/WEeolnTbgn + 0, (max (,/ JE \f)) — N(0, 290 (X, +

Qo,) 24, ) As the bias corrected estimator T = GnT—F (=5 E%ﬂm) Yo (Onr), V nT(GnT—GO) <,

N(0, 290 (3o, + Q0,)2 9 ) if \f (( an E&m Lot (Pur) lnaLe"azge"T)) b2n(0nT) 2. nszn(90)> — 0 and 7% — 0.

Assuming that 75 — 0, we are going to prove that

~ -1
n 1 82 In LnT(HnT) ~ _ ,
T ( ( ’I'LTEW b2n(9nT) - Eeol,nTbQVL (00) i) 0. (D12)

From Equation (D.7) and that 6,7 — 6y = Op (max (%, \/;7)) from Equation (D.5),

1 W Lyr(0pr) o 11
——p——rnl _y, , ——).
T 2000’ o.nr T O (max (T’ M))

~ —1
1 82 In LnT (enT) h
{ <_’nTE8080/ b2n(9nT) 90 nTbQ”(QO)

{(2‘ r+0, (max <T }))) bon (Brr) — 55, nTb%(@O)}
{55k (ban(Bur) = ban(00)) } + \/?ban(ém ‘0, (max (T \1ﬁ ))

As O — 0 = O, (max (%, ¥>) and by, (00) is O(1), according to Taylor expansion of bgn(énT) around

Hence,

n
T

SEISE S

n
T

vnT
ban(0o), to prove Equation (D.12) is reduced to prove that elements of % < oo where 0,7 lies between

9nT and 0y and

At (o An(0)) S, 1Y)
b3,,(0) atr (W (520 An(0)) S1 (V)
an(a) = b%n(e) = 0
0 Lytr(Ga(N) (S50 AL(0)) S5 (V) + Lotr(Gu(WWa (52 ALO)) 571 (N) + LrG ()
507

As An(0) = S, LN (YIn+pWy) and G (M) = W, S L(X), we have 24208 = §-1(y), 31“5;” = ST (AW,

9220 — 0fori=1,2,-++ , ky and 230 = S;I(A)WnS,jl(/\)(VIn+an) Because? 2450 — p Ah=1(g) 24 (0)
h
for h > 1, 377, a‘gg)ﬁ@) =3, hAZ’l(H)%(;@. As (1) Y52 Al(9) and Y57, hAZ 1(9) are uniformly

2
9This can be proved by mathematical induction. Step (i) For h = 2, 8"%;0) = An(O)M%Xw) + c’}'4;?#>\(9)An(0).
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bounded in either row sum or column sum, uniformly in a neighborhood of 6y, (2) S, '()\) is uniformly

bounded in both row and column sums, also uniformly in A in a neighborhood of Ag and (3) W, is uniformly

bounded in both row and column sums, we have the result that the elements of ‘%372,(9) will be uniformly

bounded in a neighborhood of y. As 6, converges in probability to 6y, we conclude that elements of

78172750(:,”) are O,(1). B

Using WS '(A) = Su'(WWa, Z558240(0) = Si' WWaSi (N (n + pWa)Sa (N (En + pWa) = SN (/I +
2
PWn) S (MNWaSi (N (vIn + pWn) = An(0)2220 . So, A, (0)24(2 = 2220 4,(0) and 22D = 24,(0) 222D

)Y
oAl (9) aAl+1l() 94N (0)-An ()
A ox . = o

Step (ii) Soppose = hAZ_l(G)W, then = hAZ_l(Q)%An(G) + AZ(@)% =
aAl (e)
a6

hARTL(0) A, (6) 6A8n/\(9) + Al (6) 6A8"/\(9) = (h+ I)Aﬁ(e)%. Same arguments can be applied to other components of
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