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Abstract

This paper shows that the sum of the exponential of an oscillating random walk
converges in distribution, after rescaling by the exponential of the maximum value of
the random walk.

1 Introduction

This paper shows the convergence in distribution of statistics of the form
n
t=1

where Sy, t = 1,...,nis an oscillating random walk, Sy = 0, M,, = max(0, max;<;<, St), and
[ i (—00,0] — [0,00) is a Borel measurable function such that |f(z)| < Clz + 1|727¢ for all
x < 0 and some € > 0. It follows from an slight modification of an argument in Davies and
Kramer (2003) (see Lemma 2 below) that for this choice of f(-), sup,~; ER, < oo under
the regularity conditions below. Note that the notation conventions used in this paper
follow those of the probability literature, in order to preserve notation compatibility with
the references from this literature that are referred to in this paper.
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The case f(x) = exp(x) is central to this paper, as it will allow to show the convergence
in distribution of statistics of the form

n

exp(—My) 3 exp(Sy).

t=1

This is the statistic for which Davies and Kréamer (2003) showed the property sup,,»; ER, <
oo under regularity conditions. Earlier, Park and Phillips (1999) established that under
these conditions,

n~1/2 Zexp(St - M,) L. 0;
=1

see also Davies and Kramer (2003, p.867). Below, I will use a Laplace transform argument
and show that lim,,_.. Eexp(—r Y, | f(S; — M,)) exists for all r > 0; and from that result,
it is then easy to prove the convergence in distribution of R,,.

In the econometrics literature, papers such as Granger and Hallmann (1991), Ermini and
Granger (1993), and Corradi (1995) attempt to define the I(1) property (loosely defined here
as the property that a series displays some type of fading memory property after differencing)
in such a way that under some transformations the property is preserved. A related literature
seeks to find unit root tests whose null distribution is robust to monotonic transformations;
see Granger and Hallmann (1991), Burridge and Guerre (1996), Gourieroux and Breitung
(1997) for work along these lines. Box-Cox approaches can be found in Franses and McAleer
(1998), Franses and Koop (1998) and Kobayashi and McAleer (1999). However, such papers
lack the mathematical precision and conciseness of the work of Borodin and Ibragimov (1995)
and Park and Phillips (1999), which seeks to characterize the limit behavior (after rescaling)
of sums of the form

> F(Sh).

For functions f(-) that are “asymptotically homogeneous” the limit behavior of the rescaled
statistic can be derived because it is asymptotically equivalent to a sum of a function of
St/ VT, and at that point an appeal to the functional central limit theorem can be used
to derive the limit distribution. Trivial examples of such functions are the identity and
the square. See Park and Phillips (1999) and Borodin and Ibragimov (1995). For inte-
grable functions f(-), the convergence in distribution of n=1/2 3" | f(.S;) has been derived in
Borodin and Ibragimov (1995) and Park and Phillips (1999). Borodin and Ibragimov (1995)
also derive a central limit theorem type result for periodic functions f(-). To the best of
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my knowledge however, no result for the exponential is known. Such a result has potential
applications to situations where it is unknown whether the level of a series or its exponential
can be viewed as a random walk.

It is straightforward to extend the results of this paper to statistics of the type

Z f(So + S¢ — max(0, Sy + max St))

t=1

and

> f(Si — max S)))

1<t<n
t=1

where Sy is an arbitrary random variable. This is because under the conditions used in this
paper a functional central limit theorem holds, which implies that P(Sy + maxj<i<, S; >
0) — 1.

2 Main result

The random walk S; is assumed to satisty the following:

Assumption 1. S; = S; 1+ X; fort =1,...n, Sy =0, X; isi.i.d., EX; =0 and E|X;]? <

0o. In addition, X, is continuously distributed.

The condition of a continuous distribution allows me to apply results by Ritter (1981)
and Bertoin and Doney (1994) freely, without being concerned with the possibility of partial
sums equalling exactly zero at some point. The third moment condition on X; allows the
application of a result by Davies and Kramer (2003).

To understand the development of the result, define 7T, as the first index at which the
maximum of S; is attained, with the provision that 7,, = 0 if max;<;<, Sr < 0. This
definition implies that Sy, = M,, and that P(T,, = k) = prgn_x where

Dr = P(lrgtiélk Sy >0), ¢ = P(max S; <0)

1<t<k

for k =1,...,n, and py = go = 1; see Spitzer (1956, p. 334). Since >, _[(T, = k) =1, we
can now write

Eexp(—r Y _ (S, — M,))



n n

=EY I(T, =k)E(exp(—r Y _ f(Si — Sp)|T0, = k)

k=0 t=1

= Zpkqn_kE(eXp(—TZ f(Sy = ST, = k)

—Zpk% kB (exp(— ZfSt Sk)) min (Sk —Ss) >0, min (Sp—Ss) >0)

<s<k—1 k+1<s<n

e

-1

= exp(— Zpkqn rE(exp(—=r Y  f(S;— Sk))| min (S, —Ss) > 0)

1<s<k—1
k=0 t=1 -

E(exp(— Z f(S; = 5))| min (S, —Ss) >0)

k+1§s§n
t=k+1

e

n—

k-1
— exp(— kz%pkqn wE(exp( r;f -S)) 1<I£n_15 > 0)E(exp(—r 2 F(S))]  Jnax Sy <0)

= exp(— ZPan kU1 (1) k()

where I defined, for kE>1

hE

i(r) = E(exp(—r f(=Sp))] 112% Ss > 0)

t=1

and

k
(r) = E(exp( er St) | max S <0).
t=1

The third equality here follows because as noted in Spitzer (1956) and Feller (1968, p. 573),
T, is characterized by the conditions that S, — S > 0 for s=1,.. 7T, — 1 and Sp, — S5 > 0
for s =T, ...,n. The fourth equality follows because for independent random vectors X and
Y and events A and B of positive probability,

E(L(X) (V)X € AY € B) = E(HL(X)|[X € A)E(f(Y)]Y € B).



The fifth equality follows because
WXk, Xi 4 Xt ooy Xio 4+ X1 + oo+ Xo) Z A(X1, X1 + Xoy oo, X1+ Xo 4 oo+ Xi1)
and
M X1y X1 + Xiros ooy Xipr + Xipo oo+ X0) 2 (X1, X1+ Xoy ooy X1+ Xo+ oo+ Xop).

The expressions ¢y (r) and zzk(r) play a crucial role in the proof, and a proof of their pointwise
convergence as k — oo will be constructed below using the literature on “random walks
conditioned to be positive”. As explained in Biggins (2003), probabilities involving random
walks conditioned to be positive can be related, via an h-transform, to a Markov chain
which is “random walk conditioned to stay positive”, and this random walk conditioned to
be positive can be viewed as a discrete version of a Bessel-3 process.

Results from papers by Ritter (1981) and Bertoin and Doney (1994) on random walk
conditioned to be positive will be used to show the following result:

Lemma 1. There exist functions 1 (r) and U (r) such that pointwise for allr > 0, limy_o0 Pg(r) =

w(r> and hmk—>oo f&k (T) = ¢(T)
Using this lemma, the following result now follows:

Theorem 1. Under Assumption 1, R, converges in distribution to 1+ Y, + Y5, where Y] is
independent of Yo and

Vi £ f(=8u), Y2 =D f(Sw),
t=0 t=0

where gu and S’gt are Markov chains.
The following corollary is now trivial:

Corollary 1. Under Assumption 1,
exp(—M,) Z exp(St) L1+ Z exp(—Sy) + Z exp(Sa),
t=1 t=0 t=0

where Sy, and So are Markov chains.



While the above result shows the convergence in distribution, the limit distribution in
general depends on the distribution on X;. Therefore, the limit is not distribution-free; if
the above limit distribution result is to be used for testing, the limit distribution will need
to be obtained through some resampling method.

Note that the above result and its proof can be interpreted as saying that the limit
distribution of R,, is determined by a finite but large number of values of S; for which ¢ is
“close” to T,,. That is, the R, statistic is asymptotically close to

NS~ M)I(jt ~ Ty < L)

for large L.

3 Simulations

The above theorem is easily illustrated with a simple simulation for the case f(z) = exp(z).
While Theorem 1 holds for any value of the scaling parameter FX?, we should expect that
the approximation will be poor for relatively low values of EX?2. In that case after all,
S; — M, will be relatively small as well, and

D F(Si = M) =Y f(0) =nf(0)

and a large value for n will be needed in such a situation in order to achieve a good approx-
imation to the limit distribution.

Similarly, for large values of EX?2, |S;— M, | will be relatively large for all values of ¢ except
those for which S; = M,,. Essentially, the random walk will jump towards its maximum and
away from it with a “large” jump, implying that f(S; — M,,) =~ 0 for all ¢ for which S; # M,,.
This also may be problematic in terms of the quality of the asymptotic approximation for
moderate values of n, as the statistic will be close to 1 in that case if we assume X; to be
continuously distributed.

A Fortran simulation program (available from the author upon request) was used to
generate simulation results for

Qn(c) = Z exp(c(Sy — My))

for various values of n and ¢ and various distributions for i.i.d. X; that had a variance of 1.
For the distribution of X, I used a standard normal, a uniform[—\/g, \/g], and a Rademacher
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distribution (i.e., P(X; = —1) = P(X; = 1) = 0.5). Note that the Rademacher distribution
is obviously not continuous and falls outside of the scope of the formal results of the previous
chapter.

In order to observe the convergence in distribution from the simulation, I used the values
50, 100, 500, 1000, 5000 and 10,000 in all situations, and added simulations for n = 50, 000
and n = 100, 000 when appropriate. Everywhere, 1,000, 000 replications were used to obtain
the results, except for the simulations conducted for n = 50,000 and n = 100,000, where
100, 000 replications were used.

Simulation results can be found in the tables of Appendix 2. In the simulations, it can
be observed that some quantiles end up below 1. This is possible because M,, equals 0 in the
case where the entire random walk is negative, and X; will not take the value M, for any t
in that situation. However, since under my assumptions the random walk is oscillating, the
probability of the entire random walk being negative vanishes asymptotically.

For ¢ = 1, the convergence in distribution appears to be relatively slow. For higher
values of ¢ such as 5 and 10, the convergence in distribution appears to be rapid, with a
good approximation to the limit distribution being reached for n = 100 to n = 500. For
¢ = 50, the convergence is rapid, but the distribution of the @Q,,(50) statistic degenerates into
excessive closeness to 1.

For Rademacher random variables and high values for ¢, the R, (c) statistic is close to
the number of times that the maximum is attained. This number is obviously an integer,
and we accordingly see in this case that the quantiles are close to integer values. Another
striking feature is that the quantiles seem to be increasing with n.
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Appendix 1: Mathematical proofs

The modification of the proof in Davies and Kramer (2003) mentioned in the text is the
following:

Lemma 2. Under Assumption 1, sup,~; ER,, < oo.

Proof of Lemma 2: Similarly to Davies and Kramer’s argument of page 868,

ER, =B (S~ M) =3 [ f=)iFula)

= (f(0) Fuu(0) + /UOO f(=2) Fin(z)dz)

where Fy,(+) denotes the distribution function of M, — S;. Since
Fp(x) <t7V2(n —t +1)7%(a + bx)?

as argued in Davies and Kramer (2003, p. 868), it follows that

n

sup ER,, < C’supZt_l/Q(n —t+ 12 < 0.
n>1 n>1 —1

Proof of Lemma 1: For any M > 1and k> M + 1,

M k-1

IE(eXP(—T;f(—St))I \dnin 8, > 0) = E(exp(—T; f(=S))I, min_ S, > 0)|



k-1
S1-Bep(-r Y f(-S))| min 5> 0)
t=M+1
Pick n € ((2+¢)7!,1/2) and note that by Theorem 2 of Ritter (1981), for such 7

lim lim inf P( i?ik@t oty > O] nin S >0) =1,

0—0 k—oo 1<t<

and therefore

k—1
L=Eexp(—r >, f(=$))| min $,>0)
t=M+1
<1-E( (12&(5} at") > 0) exp(— tglf —5)) l<rsnl]£1 Ss > 0)
_l’_

+P( inf (S;—dt") < 0| min Ss > 0)

1<t<k <k-1

_ 1 ; s ;
<1-— FEexp(— Z f(=ot") + P( inf (S; 6t)§0|1§r8n§1]£1_155>0)

Nyl 1<t<k
<1— Eexp(— Z f(=0t") + P( inf (S = 6¢") < 0] min S, >0)
t=M+1 -

<r Z f(=0t") + P( inf (S, —6t") <0 min S, >0).

t=M+1
The last inequality follows because 1 — exp(—|z|) < |z|. Also, there exists a Markov chain

5} such that

M
lim E(exp(—r Y f(=5,)| min S, >0)
t=1 -

= Eexp(—r Y _ f(—5))

by Theorem 1 of Bertoin and Doney (1994, p. 2158).
decreasing in M and bounded from below by zero, (1) = limy/ oo Eexp(—r 3210, f(=5)))

exists. Therefore, for all M > 2,

Also, since the last expressmn is

lim sup | E'(exp(

k—o0

1<s§k—1

k—1
er min Sy > 0) — (r)|
t=1



<r Z f(=dt")+lim sup P( mf (St—dt") < 0| mln S > 0)+|F exp(— Zf(—St))—w(r)L
t=M+1 k=00 k= t=1
and by making M approach infinity first and then making § approach zero, it now follows

that

k—1
Lim E(eXp(—r; F=S))l | min S, >0) = o(r).
Similarly,
k-1 B
kh—>nc}o E(exp(—r Z f(Sh))] 13@2}5_1 S5 <0) =9(r).

Proof of Theorem 1: For a € (0, 1), write

n

Eexp(—rR,) = ikan—kE exp(—r Z f(S; = M,))

k=0 =1
[(1—a)n]
= D pedn-iEexp( TZf (St = Se))| T = k)
k=[na]+1

[na]

+Zkan K E exp( TZf (St — Sp)|T = k)

+ Z Pkn—kE exp( er =k).
k=[(1—a)n]+1

By bounding the exponential term by 1, it can be seen that the last two expressions are
both bounded by terms that converge to 7~ [ #7'/%(1 — 2)™"/2dx by the arcsine law of
Spitzer (1956, p.337, Theorem 7.1), and are therefore asymptotically irrelevant because this
expression converges to zero as « | 0. Next, consider

[(1 a)n]
| Y Prtnw(Eexp(— Zf (St = S)) [T = k) — exp(=r)ib(r)ib(r))]
k=[na]+1 t=1
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[(1 a)n)

| Y etk (=) (p(r) k() — () ()]

k=[na]+1
and note that the last term is bounded from above by

[(1—a)n]

Y rbnkexp(=r)(sup [1(r) = (1) + sup [e(r) = (r)]) = o(1)

k=[na]+1 k>na k>na

because
[(1—a)n]

k=[na]+1
Since o was arbitrary and because

[(1—a)n] 1-a

Stk exp(-nR)O) = 7 [ A ) s exp(-r) o))

k=[na]+1

and

1
7r1/ e V21— o) V2de =1,
0

it now follows that
Eexp(— Zf (S: = My)) = exp(—r)e(r)i(r).

By Feller’s (1968) Theorem 2 of page 408, exp(—r)(r)d(r) is the transform of a possibly
defective distribution F(-), and the limit F'(-) is not defective if exp(—r)y(r)(r) — 1 as
r | 0. Since

|exp(=r)e(r)i(r) — 1| = Jim | E exp(— Zf (S — -1

< |r| supEZf M,)

n>1

because 1 — exp(—\x!) < |z| and sup,>; E Y | f(S; — M,) < co as was shown in Lemma 2,
it follows that the limit distribution is not defective.
[
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Appendix 2: Simulation results

Table 1: Simulated quantiles and mean of the distribution of @, (1); X; standardnormal

n 0.05 0.10 025 0.5 0.75 0.90 O.95\mean

50 1.74 223 317 447 6.13 793 9.12| 4.82
100 1.99 250 3.50 496 6.88 9.03 10.5| 5.43
500 240 293 4.03 571 798 10.6 125 | 6.34
1000 2.52 3.06 4.17 590 824 11.0 129 | 6.56
5000 2.71 3.24 437 6.15 860 11.5 13.5| 6.87

10000 2.76 3.28 4.43 6.22 8.69 11.6 13.7 | 6.95
50000 2.82 3.34 450 6.30 880 11.7 13.8 | 7.04
100000 2.83 3.36 4.51 6.32 8.84 11.8 13.9| 7.08

Table 2: Simulated quantiles and mean of the distribution of @, (5); X; standardnormal

n 0.05 0.10 025 0.5 0.75 0.90 O.95\mean

50  0.18 1.00 1.04 1.23 1.68 2.18 2.54| 1.38
100 0.82 1.00 1.05 1.27 1.74 224 2.62| 1.44
500  1.00 1.01 1.07 132 1.80 233 2.71]| 1.51
1000 1.00 1.01 1.08 1.33 1.82 235 274 | 1.52
5000 1.00 1.02 1.09 1.35 1.84 237 2.77| 1.55
10000 1.01 1.02 1.09 1.35 1.84 237 277 | 1.55
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Table 3: Simulated quantiles and mean of the distribution of @, (10); X; standardnormal

n 0.05 0.10 025 0.5 0.75 0.90 O.95\mean

50  0.02 1.00 1.00 1.03 1.24 1.67 1.92| 1.12
100 0.37 1.00 1.00 1.04 1.27 1.71 1.95| 1.16
500  1.00 1.00 1.00 1.05 1.31 1.75 1.99| 1.20
1000 1.00 1.00 1.00 1.05 1.32 1.76 199 | 1.22
5000 1.00 1.00 1.00 1.06 1.33 1.78 2.01 | 1.23

10000 1.00 1.00 1.00 1.06 1.34 1.78 2.01| 1.23

Table 4: Simulated quantiles and mean of the distribution of @, (50); X; standardnormal

n 0.05 0.10 0.25 0.5 0.75 0.90 O.95\mean

50  0.00 1.00 1.00 1.00 1.00 1.05 1.23| 0.96
100 0.00 1.00 1.00 1.00 1.00 1.06 1.26 | 0.98
500 1.00 1.00 1.00 1.00 1.00 1.07 1.29 | 1.02
1000 1.00 1.00 1.00 1.00 1.00 1.08 1.29 | 1.02
5000 1.00 1.00 1.00 1.00 1.00 1.08 1.30 | 1.03
10000 1.00 1.00 1.00 1.00 1.00 1.08 1.31| 1.04

Table 5: Simulated quantiles and mean of the distribution of @, (1); X; uniform

n 0.05 0.10 025 0.5 0.75 0.90 0.95\mean

50 1.74 219 3.03 423 5.7 7.42 853 | 4.56
100 197 244 335 4.69 648 847 9.82| 5.13
500 238 285 3.85 540 7.51 997 11.7] 6.00
1000 2,50 297 3.99 5.58 7.77 103 121 | 6.22
5000 2.68 3.14 4.18 5.83 811 10.8 12.7| 6.51

10000 2.72 3.18 4.23 588 820 109 128 | 6.58
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Table 6: Simulated quantiles and mean of the distribution of @, (5); X; uniform

n 0.05 0.10 025 0.5 0.75 0.90 O.95\mean

50  0.14 1.00 1.02 1.17 1.58 2.04 2.38 | 1.32
100 0.69 1.00 1.03 1.20 1.63 2.10 2.45| 1.36
500  1.00 1.01 1.05 1.25 1.69 2.18 254 | 1.43
1000 1.00 1.01 1.06 1.26 1.71 2.20 257 | 1.45
5000 1.00 1.01 1.06 1.27 1.73 222 259 | 147
10000 1.00 1.01 1.06 1.27 1.73 223 2.60| 148

Table 7: Simulated quantiles and mean of the distribution of @, (10); X; uniform

n 0.05 0.10 0.25 0.5 0.75 0.90 O.95\mean

50  0.01 1.00 1.00 1.02 1.18 1.60 1.86| 1.10
100 1.00 1.00 1.00 1.02 1.21 1.64 1.89| 1.13
500 1.00 1.00 1.00 1.03 1.25 1.68 1.95| 1.17
1000 1.00 1.00 1.00 1.03 1.26 1.69 193 | 1.19
5000 1.00 1.00 1.00 1.04 127 1.71 1.95| 1.20

10000 1.00 1.00 1.00 1.04 1.27 1.71 1.95| 1.20

Table 8: Simulated quantiles and mean of the distribution of @, (50); X; uniform

n 0.05 0.10 025 0.5 0.75 0.90 0.95\mean

50  0.00 1.00 1.00 1.00 1.00 1.03 1.19| 0.95
100 0.00 1.00 1.00 1.00 1.00 1.04 1.21| 0.98
500 1.00 1.00 1.00 1.00 1.00 1.056 1.24| 1.01
1000 1.00 1.00 1.00 1.00 1.00 1.06 1.25| 1.02
5000 1.00 1.00 1.00 1.00 1.00 1.06 1.26 | 1.03
10000 1.00 1.00 1.00 1.00 1.00 1.06 1.26 | 1.03
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Table 9: Simulated quantiles and mean of the distribution of @, (1); X; Rademacher

n 0.05 0.10 025 0.5 0.75 0.90 O.95\mean

50 1.72 219 289 4.06 572 7.69 9.09 | 4.56
100 2.00 240 3.19 453 646 883 10.5| 5.16
500 239 277 3.69 524 7.56 10.5 12.6 | 6.06
1000 249 2.87 381 542 7.82 108 13.1| 6.29
5000 2.64 3.02 4.00 5.68 819 114 13.7| 6.60

10000 2.68 3.05 4.04 5.73 828 11.5 139 | 6.67

Table 10: Simulated quantiles and mean of the distribution of @, (5); X; Rademacher

n 0.05 0.10 0.25 0.5 0.75 0.90 O.95\mean

50 0.02 1.01 1.01 1.03 2.04 3.05 4.05| 1.70
100 1.01 1.01 1.02 1.04 2.05 3.07 4.07| 1.80
500 1.01 1.01 1.02 1.05 2.06 4.05 5.05| 1.92
1000 1.01 1.01 1.02 1.05 2.07 4.05 5.06| 1.96
5000 1.01 1.01 1.02 1.07 2.08 4.05 5.07| 2.01
10000 1.01 1.01 1.02 1.07 2.08 4.05 5.07| 2.02

Table 11: Simulated quantiles and mean of the distribution of @, (10); X; Rademacher

n 0.05 0.10 025 0.5 0.75 0.90 0.95\mean

50  0.00 1.00 1.00 1.00 2.00 3.00 4.00| 1.67
100 1.00 1.00 1.00 1.00 2.00 3.00 4.00 | 1.76
500 1.00 1.00 1.00 1.00 2.00 4.00 5.00| 1.89
1000 1.00 1.00 1.00 1.00 2.00 4.00 5.00| 1.93
5000 1.00 1.00 1.00 1.00 2.00 4.00 5.00 | 1.96
10000 1.00 1.00 1.00 1.00 2.00 4.00 5.00 | 1.98
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Table 12: Simulated quantiles and mean of the distribution of @, (50); X; Rademacher

n 0.05 0.10 0.25 0.5 0.75 0.90 O.95\mean

50  0.00 1.00 1.00 1.00 2.00 3.00 4.00| 1.67
100 1.00 1.00 1.00 1.00 2.00 3.00 4.00 | 1.76
500 1.00 1.00 1.00 1.00 2.00 4.00 5.00| 1.89
1000 1.00 1.00 1.00 1.00 2.00 4.00 5.00| 1.93
5000 1.00 1.00 1.00 1.00 2.00 4.00 5.00 | 1.97
10000 1.00 1.00 1.00 1.00 2.00 4.00 5.00 | 1.95
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