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Abstract

This paper proposes a test of the null hypothesis of stationarity that is robust to
the presence of fat-tailed errors. The test statistic is a modified version of the so-called
KPSS statistic. The modified statistic uses the ”sign” of the data minus the sample
median, whereas KPSS used deviations from means. This ”indicator” KPSS statistic
has the same limit distribution as the standard KPSS statistic under the null, without
relying on assumptions about moments, but a different limit distribution under unit
root alternatives. The indicator test has lower power than standard KPSS when tails
are thin, but higher power when tails are fat.
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1 Introduction

In this paper we wish to test the null hypothesis that an observed series {xt} is stationary.
We allow for non-zero level (mean or median) for xt, but not for deterministic trend. This
is often called the hypothesis of “level stationarity,” and a standard test for this hypothesis
is the η̂µ test of Kwiatkowski et al. (1992), which we will simply call the KPSS test. For
a sample x1, . . . , xT , define x̄T as the sample mean, and the demeaned data et = xt − x̄T

(t = 1, . . . , T ). Then the KPSS statistic is a function of the et; the numerator is the sum
of squares of the cumulations of the et, while the denominator is an estimate of their long
run variance. The asymptotic distribution of the statistic is a functional of a Brownian
bridge. This result depends on the series satisfying a short-memory condition and having
finite variance.

In this paper we seek to relax the finite variance assumption. The motivation is an earlier
paper, Amsler and Schmidt (2000), which considered the robustness (or lack of robustness) of
the KPSS test to fat-tailed errors1. If the series follows a symmetric stable distribution with
infinite variance, they showed that the KPSS statistic follows a different limit theory, based
on the (demeaned) Lévy process. They also considered local departures from finite variance,
in which case the series is assumed to be represented as follows: xt = x1t + (c/T 1/α−1/2)x2t,
where x1t has finite variance and x2t has a symmetric stable distribution with parameter
α < 2. In this case the limit theory involves a mixture of the Wiener and Lévy processes.
The asymptotic distribution depends on the “parameter” c which controls the weight given
to the Lévy process. Thus, in terms of asymptotics, the KPSS test is not robust to even local
departures from finite variance. Their simulations correspondingly show size distortions in
finite samples, not only when the data have infinite variance, but also when they have finite
variance but fat tails (e.g., student’s t with three degrees of freedom).

In some sense it is obvious that to make the variance finite, or more generally to remove
the effects of fat tails, we should trim the data. Strictly speaking, any given (not data
dependent) trimming rule, like censoring the data at ±100, should work, but intuitively it
seems that a sensible trimming rule should depend on the location and scale of the data.
Use of a data-dependent trimming rule will raise non-trivial questions about the asymptotic
theory for the statistic. In this paper we choose a rather simple trimming rule: we replace the
data by an indicator that equals plus or minus one, depending on whether the observation
is above or below the sample median. Using these indicators, we have handled location
sensibly but have sidestepped the perhaps more difficult question of scale. We then proceed
to construct the KPSS statistic in the usual fashion, but from the transformed data. We
will call this test the indicator KPSS test.

We show that under the null, whether or not the variance is finite, so long as a short
memory condition holds, we have the same asymptotic distribution as the original KPSS test
has under finite variance. Thus the test is robust to infinite variance (fat tails). Under the
alternative, the asymptotic distribution of the indicator KPSS test is different from that of
the KPSS test, even in the finite variance case, and for both tests it is different in the finite

1That paper also considers the modified rescaled range test of Lo(1991). We will not consider Lo’s test
in this paper, other than to note that it can be easily modified to be robust to fat tails in exactly the same
way as we will do for KPSS.
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variance case than in the infinite variance case. Thus we should expect power differences
between the two tests depending on tail thickness. Our simulations show that this occurs.
The indicator test is less powerful than the usual KPSS test if there are not fat tails, but it
is more powerful (in terms of both power and size-adjusted power) if the tails are fat enough.

The plan of the paper is as follows. In Section 2, we provide the asymptotic theory for the
indicator KPSS test. In Section 3, we report our simulations. Finally, Section 4 gives some
concluding remarks and directions for future research. Proofs are given in an Appendix.

2 Asymptotic Theory

The data are x1, . . . , xT . Let mT = med(x1, x2, . . . , xT ). We now transform the data into
the “indicator data” sgn(xt −mT ), where sgn(x) = 1 if x > 0, sgn(x) = −1 if x < 0, and
sgn(x) = 0 if x = 0. Then the indicator KPSS statistic simply uses the indicator data
sgn(xt −mT ) in the same way that the KPSS η̂µ statistic uses the demeaned data xt − x̄T .

It may be worthwhile to motivate the use of the median in constructing the indicator
data. The use of the median ensures that the indicator data sum to zero over the sample,
just as the demeaned data do. This is why we can obtain the ususal KPSS asymptotics
(based on a Brownian bridge), but without the need for assumptions about the moments of
the data.

To be more explicit, let µ̃ be the population median of the xt, which will be assumed to
be unique, and define

σ2 = lim
T→∞

E(T−1/2

T∑
t=1

sgn(xt − µ̃))2. (1)

Define the cumulations of the indicator data:

STt =
t∑

j=1

sgn(xj −mT ), (2)

and let the HAC estimator σ̂2 be given by

σ̂2 = T−1

T∑
i=1

T∑
j=1

k((i− j)/γT )sgn(xi −mT )sgn(xj −mT ). (3)

The indicator KPSS statistic that is proposed in this paper is then

σ̂−2T−2

T∑
t=1

S2
Tt. (4)

Note that the “standard” KPSS statistic η̂µ uses the same formula as above, but for the
standard KPSS statistic, STt is replaced by

∑t
j=1(xj − x̄), and the HAC estimator σ̂2 would

need to be modified accordingly. Also, define

WT (α) = (1/σ)T−1/2

[αT ]∑
j=1

sgn(xj − µ̃). (5)
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In what follows, F (.) denotes the distribution function of xj − µ̃. Note that by Theorem 3.1
of De Jong and Davidson (2000), under the conditions that will be imposed in Assumption
1, WT (α) ⇒ W (α) on [0,1], where W is Brownian motion and XT (α) ⇒ X(α) denotes weak
convergence in D[A], where A denotes the appropriate subspace of Rq. The weak dependence
assumptions on the xj that we need are listed in Assumption 1 below.

Assumption 1

1. The xj are stationary random variables, and µ̃ is the unique population median of xj.

2. xj is strong (α-) mixing, and for some finite r > 2 and C > 0, and for some η > 0,
α(m) ≤ Cm−r/(r−2)−η.

3. xj − µ̃ has a continuous density f(x) in a neighborhood [−η, η] of 0 for some η > 0,
and infx∈[−η,η] f(x) > 0.

4. σ2 ∈ (0,∞).

For the kernel function k(.) function in the HAC estimator, we need the following condi-
tions:

Assumption 2

1. k(.) satisfies
∫∞
−∞ |ψ(ξ)|dξ < ∞, where

ψ(ξ) = (2π)−1

∫ ∞

−∞
k(x) exp(−iξx)dx. (6)

2. k(.) is continuous at all but a finite number of points, k(x) = k(−x), |k(x)| ≤ l(x)
where l(x) is nonincreasing and

∫∞
0
|l(x)|dx < ∞, and k(0) = 1.

3. γT /T → 0, and γT →∞ as T →∞.

Assumption 2 rules out the use of the uniform kernel function, but allows choices such as
the Bartlett, Quadratic Spectral, and Parzen kernel. Under the above assumptions we can
prove the following theorem.

Theorem 1 Under Assumptions 1 and 2,

T−2

T∑
t=1

S2
Tt

d−→ σ2

∫ 1

0

(W (α)− αW (1))2dα, (7)

and

σ̂2 p−→ σ2. (8)
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From the above it follows that, analogously to standard KPSS,

σ̂−2T−2

T∑
t=1

S2
Tt

d−→
∫ 1

0

(W (α)− αW (1))2dα, (9)

KPSS (1992, p. 166) give critical values; see also MacNeill (1978, Table 2, p. 431).
Under the alternative that xj is an I(1) process, we have the following result.

Theorem 2 Suppose that xj satisfies T−1/2x[ξT ] ⇒ λW (ξ) for some λ ∈ (0,∞). Then

T−3

T∑
t=1

S2
Tt

d−→ λ2

∫ 1

0

(

∫ α

0

sgn(W (ξ)−M))dξ)2dα, (10)

where M is such that T−1/2mT
d−→ M , and

γ−1
T σ̂2 d−→ 2λ2

∫ ∞

0

k(α)dα. (11)

From Theorem 2, it follows that analogously to the “standard” KPSS statistic,

(γT T−1)σ̂−2T−2

T∑
t=1

S2
Tt

d−→ D (12)

for some random variable D that is distribution-free except for the multiplication factor∫∞
0

k(α)dα. However, for our indicator-KPSS statistic the distribution under the alternative,
as characterized by D, will be different from the distribution of the “standard” KPSS statistic
under the alternative.

There is an important difference between the asymptotic distribution theory under the
null of stationarity (Theorem 1) and under the unit root alternative (Theorem 2). The
distribution theory under the null does not depend on any assumptions about the moments
of the data xt. However, the unit root alternative considered in Theorem 2 is that x[ξT ]

follows an invariance principle for convergence to a Wiener process. This requires that xt

have zero mean and finite variance. The zero mean requirement would be easily relaxed, so
long as the mean exists, but the finite variance condition is substantive. If xt had infinite
variance (e.g. if it followed a symmetric stable distribution with index α < 2), we would
expect a different limit theory to apply. Furthermore, this would also be different than the
limit theory for the KPSS test in the infinite variance case.

The implications of these observations for the power of the test are as follows. In the finite
variance case, the fact that the indicator KPSS statistic has a different limiting distribution
than the usual KPSS statistic under the alternative implies that we should find differences in
power even in large samples. Intuitively, transforming to indicators will cause a loss in power
when tails are not fat, and this power loss will persist even asymptotically. However, the fact
that the asymptotic distribution of the two tests under the alternative will also differ in the
infinite variance case suggests that there may be the potential for gains in power from the
use of indicators (or trimming more generally) in the case of fat tails. That is, the advantage
of indicators may be added power, not just minimized size distortions, when tails are fat.
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3 Simulations

In this section we report the results of simulations that investigate the size and power of the
KPSS and indicator-KPSS tests. We are fundamentally interested in three questions. First,
is the indicator-KPSS test robust to fat tails in finite samples? Second, how large is the loss
in power in using indicators when the data do not have fat tails? Third, is there a gain in
power, and of what size, from using indicators when the data do have fat tails?

Our simulations are performed on PCs in FORTRAN using the Lahey compiler. Normal
random deviates are drawn using the random number generator GASDEV/RAN3 of Press
et al. (1986). We vary tail thickness by considering students t distributions with differing
degrees of freedom. Specifically, we consider normal (t∞), t5, t3, t2, and Cauchy (t1). Note
that t2 has finite mean but infinite variance, while for Cauchy neither the mean nor the
variance exist. These distributions are generated by the appropriate transformation of the
standard normal deviates from GASDEV/RAN3. We also consider the local to finite variance
(and also local to finite mean) alternative in which xt = x1t +(c/T 1/2)x2t, where x1 is normal
and x2 is Cauchy. We choose c = 1 and call this the “local (c = 1)” case. We consider
sample sizes from T = 50 to T = 5000. Our results are based on 20,000 replications.

In order to focus on the simplest and most understandable cases, most of our experiments
are for the case that the data (under the null) or the innovations (under the alternative)
are i.i.d.. We consider a few cases in which they are AR(1) with parameter equal to 0.5.
Similarly, in most of our experiments we consider the case of no lags in the long run variance
estimate, that is, the kernel function k(.) in Equation (3) equals one for i = j and zero
otherwise. We will denote this as the case of γT = γT,0 = 0. We also consider the case
that the number of lags is γT = integer[4(T/100)1/4], which we denote as γT,1/4. Clearly our
choices reflect a focus on the effects of tail thickness as opposed to short run dynamics.

We first consider the size of the tests. Our results are given in Table 1. KPSS and IKPSS
refer to the usual and the indicator versions of KPSS, respectively. Nominal size is 5%. The
upper panel is for the case that the data are i.i.d. and we choose γT,0, so that there are
no short run dynamics and there is no allowance made for short run dynamics either. The
indicator KPSS test has size very close to 0.05 for all cases, and would appear to be robust
to fat tails even in samples as small as T = 50. The usual KPSS test is not robust to the
Cauchy or local to finite variance distributions; it rejects too seldom. It is reasonably robust
to the other fat tailed distributions, such as t3 or even t2, though there is a (slight) tendency
to reject too seldom in these cases when T is small. Its robustness to t2 is perhaps surprising
because this is an infinite-variance distribution.

The lower panel of Table 1 is for the case of γT,1/4 lags in the long run variance calculation.
Here we report results only for the normal, t3 and Cauchy cases, but we also have some cases
in which the data are AR(1) with parameter 0.5. In the normal and t3 cases with iid data,
there is a slight problem of underrejection for the smaller sample sizes, with no particular
difference between the KPSS and indicator KPSS tests. In the Cauchy case the two tests are
quite different from each other, as they were in the case of γT,0, with the indicator KPSS test
being far more robust. When the data are AR(1) with parameter 0.5, we have a problem of
overrejection. Again there is not much difference between the two tests in the finite variance
cases. In the Cauchy case, the usual KPSS test has smaller size distortions because its

6



tendency to underreject in the presence of fat tails counteracts its tendency to overreject in
the presence of positive autocorrelation.

The results in Table 1 are easy to summarize. Both the usual KPSS test and the indicator
KPSS test are quite robust to finite variance fat tailed data, such as t5 or t3. However, the
indicator test is also robust to distributions without finite mean and variance.

In Tables 2 and 3 we report the power and size-adjusted power of the tests, for the case
of γT,0 (no lags in the long run variance estimate). Power and size-adjusted power will differ
non-trivially only in the cases in which we found size distortions in Table 1, namely the
Cauchy and local to finite variance cases. We will discuss only size-adjusted power (Table
3). Comparing power instead of size-adjusted power would make the comparisons more
favorable to the indicator KPSS test for the Cauchy and local to finite variance cases.

We parameterize the unit root alternative in the same way as in KPSS (1992). That
is, we have the components representation xt = rt + εt, where r0 = 0 and rt = rt−1 + ut,
t = 1, . . . , T . The innovations εt and ut are iid and independent of each other. Thus xt is
the sum of a random walk and a white noise process, and λ = σ2

u/σ
2
ε measures the relative

importance of the random walk component. In all case, εt and ut both have the same
distribution (normal, t5, or whatever).

Consider first the normal case (the first two columns of results in Table 3). The KPSS
test is clearly more powerful than the indicator KPSS test. The loss in power from using
indicators instead of the untransformed data is not huge, but it is also non-trivial. For
example, when the power of KPSS is approximately 0.30, the power of indicator KPSS is
about 0.23; when the power of KPSS is approximately 0.6, the power of indicator KPSS is
about 0.5; and so forth.

With fat tails, this situation reverses. For the t5 case, the difference in power is very
close to zero, and in fact the comparisons are mixed. For the other cases with even fatter
tails, the indicator KPSS test is clearly more powerful. For the t3 case, the extent to which
indicator KPSS is more powerful than KPSS is roughly comparable to the extent to which
KPSS was more powerful than indicator KPSS for the normal case. For the t2, Cauchy and
local to finite variance cases, the superiority of the indicator test is larger; for the Cauchy
case it is much larger.

Table 4 gives the results for some cases with γT,1/4, and it includes cases with iid inno-
vations and also cases when εt (but not ut) is AR(1). The main result is the same as in the
previous tables: the usual KPSS test is more powerful than the indicator KPSS test under
normality, but the indicator KPSS test is more powerful than the KPSS test when the tails
are fat (t3 and Cauchy).

4 Concluding Remarks

In this paper we have constructed an “indicator KPSS” test that has the usual KPSS asymp-
totic distribution under the null, without requiring finite mean or variance for the data. It
is based on the transformation of the data into an indicator of whether the observation is
above or below the median. The resulting test is quite robust to fat tailed errors. It is less
powerful than the usual KPSS test under normality or near normality, but more powerful if
the errors have sufficiently fat tails.
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Our test, like the KPSS η̂µ test, is a test of “level stationarity” as opposed to “trend
stationarity.” We could also seek to generalize the KPSS η̂τ test, which allows for linear
deterministic trend. We conjecture that this could be done by defining an indicator of
whether one is above or below the LAD regression of xt on t. However, this leads to more
challenging asymptotic theory than we have needed in this paper.

A general research agenda into which this paper fits is to try to find appropriate mecha-
nisms for trimming the data, so that one ends up with robustness to fat tails, minimal power
loss under normality, and good power properties when the tails are fat. Our results so far
are (we hope) a successful demonstration project indicating that this can be done. However,
transformation of the data into indicators is a rather extreme form of trimming, and was
chosen largely so that the asymptotic theory was tractable. We might expect that less severe
trimming rules might be preferable, at least in minimizing the power loss under normality.
These trimming rules would have to involve measures of scale as well as location, and are
the subject of ongoing research.
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Appendix: Proofs

For the proof of Theorem 1, we will need the following lemmas.

Lemma 1 For strong (α-) mixing random variables yTt ∈ R for which the α-mixing coeffi-
cients satisfy α(m) ≤ Cm−r/(r−2)−η for some η > 0,

E max
1≤i≤T

(
i∑

t=1

(yTt − EyTt))
2 ≤ C ′

T∑
t=1

‖ yTt ‖2
r

for constants C,C ′ > 0.

Proof of Lemma 1:

First note that by Theorem 17.5 of Davidson (1994), yTt is a mixingale of size -1/2 under
Assumption 1 with mixingale magnitude indices ‖ yTt ‖r. Therefore by 16.10 from Davidson
(1994),

E max
1≤i≤T

(
i∑

t=1

(yTt − EyTt))
2 ≤ C

T∑
t=1

‖ yTt ‖2
r

for some constant C > 0, as asserted. ¤

Lemma 2 Let

yj(φ) = sgn(xj − µ̃− φT−1/2)− sgn(xj − µ̃).

Then under Assumption 1, for all K, ε > 0,

lim
δ→0

lim sup
T→∞

P ( sup
φ,φ′∈[−K,K]:|φ−φ′|<δ

T−1/2

T∑
j=1

|yj(φ)− yj(φ
′)− Eyj(φ) + Eyj(φ

′)| > ε) = 0. (13)

Proof of Lemma 2:

For T large enough such that KT−1/2 ≤ η,

sup
φ,φ′:|φ−φ′|<δ

T−1/2

T∑
j=1

|Eyj(φ)− Eyj(φ
′)|

= 2 sup
φ,φ′:|φ−φ′|<δ

T−1/2

T∑
j=1

|F (φT−1/2)− F (φ′T−1/2)|
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≤ 2 sup
φ,φ′:|φ−φ′|<δ

T−1/2

T∑
j=1

sup
x∈[−η,η]

f(x)T−1/2|φ− φ′| ≤ 2δ sup
x∈[−η,η]

f(x).

This establishes equicontinuity of T−1/2
∑T

j=1 |Eyj(φ) − Eyj(φ
′)|. Next, note that yj(φ) is

nondecreasing in φ, and therefore

sup
φ,φ′∈[−K,K]:|φ−φ′|<δ

T−1/2

T∑
j=1

|yj(φ)− yj(φ
′)|

= sup
−[K/δ]−1≤i≤[K/δ]

sup
φ,φ′∈[iδ,(i+2)δ]∩[−K,K]

T−1/2

T∑
j=1

|yj(φ)− yj(φ
′)|

≤ sup
−[K/δ]−1≤i≤[K/δ]

T−1/2

T∑
j=1

|yj(iδ)− yj((i + 2)δ)|

p−→ sup
−[K/δ]−1≤i≤[K/δ]

T−1/2

T∑
j=1

E|yj(iδ)− yj((i + 2)δ)|

≤ sup
φ,φ′∈[−K,K]:|φ−φ′|≤2δ

T−1/2

T∑
j=1

|Eyj(φ)− Eyj(φ
′)|, (14)

and the last term was earlier shown to be equicontinuous. Therefore, by the triangle inequal-
ity, we have now demonstrated the result of Equation (13); the convergence in probability
result leading up to Equation (14) holds because for every value of i and for T large enough
such that KT−1/2 ≤ η,

E(T−1/2

T∑
j=1

(E|yj(iδ)− yj((i + 2)δ)| − E|yj(iδ)− yj((i + 2)δ)|))2

≤ CT−1

T∑
j=1

sup
φ∈[−K,K]

‖ yj(φ) ‖2
r

= CT−1

T∑
j=1

sup
φ∈[−K,K]

‖ sgn(xj − µ̃− φT−1/2)− sgn(xj − µ̃) ‖2
r

≤ C ′|F (KT−1/2)− F (−KT−1/2)|2/r ≤ C ′(2 sup
x∈[−η,η]

f(x)KT−1/2)2/r −→ 0

as T →∞ for constants C,C ′ > 0, where the first inequality follows from Lemma 1. ¤

The key lemma of this section, which will allow a Taylor-type expansion of the objective
function and is also used to determine the limit behavior of the HAC estimator σ̂2, is the
following.
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Lemma 3 Let yj(φ) be as before, and let

GT (α, φ) = T−1/2

[αT ]∑
j=1

yj(φ).

Then under Assumption 1, for any K > 0,

sup
α∈[0,1]

sup
−K≤φ≤K

|GT (α, φ)− EGT (α, φ)| p−→ 0.

Proof of Lemma 3:

We can conclude, e.g. from Pollard (1990), that

sup
φ∈[−K,K]

sup
α∈[0,1]

|GT (α, φ)| p−→ 0

because of the compactness of the index set for φ, finite-dimensional convergence for each
φ ∈ [−K, K], and stochastic equicontinuity of supα∈[0,1] |GT (α, φ)|. Finite-dimensional con-
vergence follows because for every φ ∈ [−K, K], by Lemma 1, for T large enough such that
KT−1/2 ≤ η,

E sup
α∈[0,1]

|GT (α, φ)− EGT (α, φ)|2

≤ CT−1

T∑
j=1

‖ sgn(xj − µ̃− φT−1/2)− sgn(xj − µ̃) ‖2
r

≤ C ′|F (KT−1/2)− F (−KT−1/2)|2/r ≤ C ′′( sup
x∈[−η,η]

f(x)2KT−1/2)2/r → 0

by Lemma 1, and constants C, C ′, C ′′ > 0. Stochastic equicontinuity follows because

| sup
α∈[0,1]

|GT (α, φ)− EGT (α, φ)| − sup
α∈[0,1]

|GT (α, φ′)− EGT (α, φ′)||

≤ sup
α∈[0,1]

|GT (α, φ)− EGT (α, φ)−GT (α, φ′) + EGT (α, φ′)|

≤ T−1/2

T∑
j=1

|yj(φ)− yj(φ
′)− Eyj(φ) + Eyj(φ

′)|,

and stochastic equicontinuity follows from Lemma 2 now. ¤

Next, we derive the behavior of the median mT .
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Lemma 4 Under Assumption 1,

T 1/2(mT − µ̃) = 2−1f(0)−1σWT (1) + oP (1).

This lemma can be proven by showing that T 1/2(mT − µ̃) = OP (1), and then using the result
of Lemma 3. mT − µ̃ = OP (T−1/2) because for T ≥ K2η−2,

inf
φ>K

T−1/2

T∑
j=1

sgn(xj − µ̃− φT−1/2)

≥ T−1/2

T∑
j=1

sgn(xj − µ̃−KT−1/2))

p−→ T−1/2

T∑
j=1

(1− 2F (KT−1/2))

≥ 2K inf
−η≤x≤η

f(x),

implying that lim supT→∞ P (T 1/2(mT − µ̃) > K) can be made arbitrary small by choosing
K large enough. For P (T 1/2(mT − µ̃) < −K) a similar result can be derived, which proves
that mT − µ̃ = OP (T−1/2).
Next, note that since T 1/2(mT − µ̃) = OP (1), with arbitrary large probability we can assume
that T 1/2|mT − µ̃| ≤ K, and if that happens,

O(T−1/2) = T−1/2

T∑
j=1

sgn(xj −mT )

= (GT (1, T 1/2(mT − µ̃))− EGT (1, T 1/2(mT − µ̃)))

+T−1/2

T∑
j=1

(sgn(xj − µ̃)− Esgn(xj − µ̃)) + EGT (1, T 1/2(mT − µ̃))

= oP (1) + T−1/2

T∑
j=1

sgn(xj − µ̃) + T 1/2(1− 2F (mT − µ̃))

and therefore, under the maintained assumptions, by Taylor’s theorem and consistency of
mT ,

T 1/2(mT − µ̃) = oP (1) + 2−1f(0)−1T−1/2

T∑
j=1

sgn(xj − µ̃)

= oP (1) + σ2−1f(0)−1WT (1),

which is the desired result. ¤
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Proof of Theorem 1:

Assume that −K ≤ T 1/2(mT − µ̃) ≤ K, which for large K will happen with arbitrary large
probability by Lemma 4. Then

T−1/2ST,[αT ] = T−1/2

[αT ]∑
j=1

sgn(xj ≤ mT )

= (GT (α, T 1/2(mT − µ̃))− EGT (α, T 1/2(mT − µ̃)))

+T−1/2

[αT ]∑
j=1

sgn(xj − µ̃)− 2T−1/2[αT ](mT − µ̃)f(m̃T − µ̃)

= oP (1) + σWT (α)− ασWT (1)

where m̃T is on the line between µ̃ and mT , and the oP (1) term is uniformly in α. Next,
note that the last expression converges weakly in α to σW (α)− σαW (1) under Assumption
1, and therefore, by the continuous mapping theorem,

T−2

T∑
t=1

S2
Tt =

∫ 1

0

(T−1S2
T,[αT ]+1)dα

d−→ σ2

∫ 1

0

(W (α)− αW (1))2dα.

To prove the consistency of σ̂2, note that

sgn(xj −mT ) = yj(T
1/2(mT − µ̃))− Eyj(T

1/2(mT − µ̃))

+Eyj(T
1/2(mT − µ̃)) + sgn(xj − µ̃)

= (yj(T
1/2(mT − µ̃))− Eyj(T

1/2(mT − µ̃))) + (1− 2F (mT − µ̃)) + sgn(xj − µ̃)

= aTj + bT + cj,

say. Also note that σ̂2 now equals

σ̂2 = T−1

T∑
t=1

T∑
s=1

k((t− s)/γT )(aTt + bT + ct)(aTs + bT + cs).

We will show that σ̂2 is asymptotically equivalent to

T−1

T∑
t=1

T∑
s=1

k((t− s)/γT )ctcs.

To show this, note that

T−1

T∑
t=1

T∑
s=1

k((t− s)/γT )bT aTt

13



≤ T−3/2

T∑
t=1

|aTt|
T∑

j=−T

k(j/γT )×OP (1) = OP (γT /T ),

and that

T−1

T∑
t=1

T∑
s=1

k((t− s)/γT )bT cTt

≤ T−3/2

T∑
t=1

cTt

T∑
s=1

k((t− s)/γT )×OP (1),

and

E(T−3/2

T∑
t=1

cTt

T∑
s=1

k((t− s)/γT ))2

≤ CT−3

T∑
t=1

‖ cTt

T∑
s=1

k((t− s)/γT ) ‖2
r

≤ C ′T−3

T∑
t=1

(
T∑

s=1

k((t− s)/γT ))2

≤ C ′′T−3

T∑
t=1

(
T∑

j=−T

k(j/γT ))2

≤ C ′′T−2γ2
T .

Also,

b2
T T−1

T∑
t=1

T∑
s=1

k((t− s)/γT ) = OP (T−1γT ).

Therefore under Assumption 1, σ̂2 is asymptotically equivalent to

T−1

T∑
t=1

T∑
s=1

k((t− s)/γT )(aTt + cTt)(aTs + cTs).

Furthermore,

T−1

T∑
t=1

T∑
s=1

k((t− s)/γT )aTtcs

14



=

∫ ∞

−∞
(T−1

T∑
t=1

T∑
s=1

aTtcs exp(iξ(t− s)/γT )ψ(ξ)dξ

≤ T−1/2

T∑
t=1

|aTt|
∫ ∞

−∞
(T−1/2

T∑
s=1

cs exp(−isξ/γT ))ψ(ξ)dξ,

and T−1/2
∑T

t=1 |aTt| is oP (1) by Lemma 3 under Assumption 1, and the second term is OP (1)
because

E|
∫ ∞

−∞
(T−1/2

T∑
s=1

cs exp(−isξ/γT ))ψ(ξ)dξ|

≤
∫ ∞

−∞
|ψ(ξ)|dξ sup

ξ∈R
‖ T−1/2

T∑
s=1

cs exp(−isξ/γT )) ‖2< ∞.

Finally,

T−1

T∑
t=1

T∑
s=1

k((t− s)/γT )aTtaTs ≤
∫ ∞

−∞
|ψ(ξ)|dξ(T−1/2

T∑
t=1

|aTt|)2,

and the last term is oP (1) by Lemma 3 under Assumptions 1 and 2. Therefore,

σ̂2 − T−1

T∑
t=1

T∑
s=1

k((t− s)/γT )ctcs
p−→ 0,

and by Theorem 2.1 of de Jong and Davidson (2000), under Assumptions 1 and 2,

T−1

T∑
t=1

T∑
s=1

k((t− s)/γT )ctcs
p−→ σ2,

which completes the argument. ¤

Proof of Theorem 2:

First, we prove that T−1/2mT
d−→ M for some random variable M . This is done in two steps;

first, we show that T−1/2mT is OP (1); second, we derive the limit distribution of T−1/2mT .
To show that T−1/2mT is OP (1), note that

sup
m>K

T−1

T∑
t=1

sgn(T−1/2xt −m)

15



= T−1

T∑
t=1

sgn(T−1/2xt −K)

d−→
∫ 1

0

sgn(W (ξ)−K)dξ = T (K),

and therefore

P (T−1/2mT > K) = P ( sup
m>K

T−1

T∑
t=1

sgn(T−1/2xt −m) ≥ 0)

→ P (T (K) ≥ 0),

and because T (K)
p−→ −1 as K →∞, it now follows that

lim sup
K→∞

lim sup
T→∞

P (T−1/2mT > K) = 0.

A similar argument shows that

lim sup
K→∞

lim sup
T→∞

P (T−1/2mT < −K) = 0,

thereby establishing that T−1/2mT is OP (1). By Theorem 2.7 of Kim and Pollard (1990), it
now follows that T−1/2mT converges to argminmQ(m), where Q(m) is such that

QT (m) = |T−1

T∑
t=1

sgn(T−1/2xt −m)| ⇒ Q(m).

Note that formally we cannot use Kim and Pollard’s Theorem 2.7 directly because it requires
that |Q(φ)| → ∞ as |φ| → ∞; but this can be fixed easily by considering e.g. Φ−1(Q(.)).)
Next, note that for any m ∈ R

QT (m)
d−→

∫ 1

0

sgn(W (ξ)−m)dξ = Q(m). (15)

Note that this cannot be directly derived from the continuous mapping theorem because
of the discontinuity of the “sgn” function; however, the above result can be easily shown
to hold following the arguments in Park and Phillips (1999). Also, QT (m) is shown below
to be stochastically equicontinuous on [−K, K] for any finite K, thereby establishing that
QT (m) ⇒ Q(m) on [−K, K]. Stochastic equicontinuity is QT (m) holds because for m < m′,

sup
m∈[−K,K]

sup
m′:|m−m′|<δ

|QT (m)−QT (m′)|

= sup
−[K/δ]−1≤j≤[K/δ]

sup
m∈[jδ,(j+1)δ]

sup
m′:|m−m′|<δ

|QT (m)−QT (m′)|

16



≤ sup
−[K/δ]−1≤j≤[K/δ]

T−1

T∑
t=1

I(jδ ≤ T−1/2xt ≤ (j + 1)δ)

d−→ sup
−[K/δ]−1≤j≤[K/δ]

∫ 1

0

I(jδ ≤ W (ξ) ≤ (j + 1)δ)dξ,

and by the occupation time formula (see Park and Phillips (1999, p. 271)), the last expression
equals

sup
−[K/δ]−1≤j≤[K/δ]

∫ (j+1)δ

jδ

L(1, s)ds,

where L(t, s) is a random process called “local time” that is jointly continuous; see Park
and Phillips (1999) for more details and references regarding the local time process L(., .).
Therefore, sups∈[−K,K] |L(1, s)| is a well-defined random variable, and the last expression
therefore can be bounded by

sup
s∈[−K,K]

|L(1, s)|δ,

which completes the proof of stochastic equicontinuity of QT (.) on [−K,K]. Next, note that

T−3

T∑
t=1

(
t∑

j=1

sgn(xj −mT ))2

= T−1

T∑
t=1

(T−1

t∑
j=1

sgn(T−1/2xj − T−1/2mT ))2,

and it can also be shown that

T−1

[αT ]∑
j=1

sgn(xj −mT ) ⇒
∫ α

0

sgn(W (ξ)−M)dξ.

This last result is derived by noting that finite-dimensional convergence for each α ∈ [0, 1]
holds because of a similar argument as used in Equation (15), and stochastic equicontinuity
holds trivially here. From this, it follows that

T−3

T∑
t=1

(
t∑

j=1

sgn(xj −mT ))2 d−→
∫ 1

0

(

∫ α

0

sgn(W (ξ)−M)dξ)2dα.

To establish the result for σ̂2, note that

γ−1
T σ̂2 = γ−1

T T−1

T∑
t=1

sgn(xt −mT )2

17



+2γ−1
T T−1

T∑
j=1

k(j/γT )

T−j∑
t=1

sgn(XT ((t + j)/T )−mT )sgn(XT (t/T )−mT )

= oP (1) + 2

∫ T/γT

0

∫ 1

0

k([αγT ]/γT )sgn(XT (ξ + αγT /T )−mT )sgn(XT (ξ)−mT )dξdα

= oP (1) + 2

∫ ∞

0

k(α)dα

∫ 1

0

sgn(XT (ξ)−mT )2dξ

= oP (1) + 2

∫ ∞

0

k(α)dα,

where we carried out the substitutions t/T = ξ and j/γT = α. ¤
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