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Abstract

This paper establishes improved uniform convergence rates for series estimators. Series

estimators are least-squares fits of a regression function where the number of regressors

depends on sample size. I will specialize my results to the cases of polynomials and

regression splines. These results improve upon results obtained earlier by Newey, yet

fail to attain the optimal rates of convergence.
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1 Introduction

In a recent and interesting contribution, Newey (1997) establishes consistency in L2-norm,

uniform consistency, and asymptotic normality of series estimators. Newey (1997) improves

several results from the existing literature on this subject. In this note, I show that the

argument in Newey (1997) can be extended to show that his uniform convergence rates can

be improved. The mathematical machinery that is used for establishing parts of this result

is from Pollard (1984).

2 Definitions and main results

In this note, I will use notation as in Newey (1997). g0(x) = E(y|x) denotes the true

conditional expectations function that is to be estimated. Let (yi, xi), i = 1, . . . , n be a

random sample from a distribution F (y, x). The vectors of approximating functions will be

denoted as

pK(x) = (p1K(x), . . . , pKK(x))′, (1)

and it will be assumed that linear combinations pK(x)′β can approximate g0. Let X denote

the support of the x. Define ∂λh(x) = ∂λh(x)/∂xλ1
1 . . . ∂xλr

r , where λ denotes a vector of

nonnegative elements such that |λ| = ∑r
j=1 λj, and let |g|d denote

max
|λ|≤d

sup
x∈X

|∂|λ|g(x)|. (2)

Let F0(x) denote the probability distribution of the xi. Below, as in Newey (1997), I will

sometimes drop the x argument from expressions such as g0(x) and ĝ(x). The series estimator

for g0 is ĝ(x) = pK(x)′β̂, where β̂ = (P ′P )−1P ′Y , P = [pK(x1), . . . , p
K(xn)]′ and Y =

(y1, . . . , yn)′. From the assumptions, it follows that P ′P/n is asymptotically nonsingular,

which makes it valid to use the above notation. Note that the dimension K of pK(x) is

assumed to grow with n. For establishing his results, Newey (1997) makes three assumptions

(Assumptions 1,2 and 3 below). I will need the following four assumptions:

Assumption 1 (y1, x1), . . . , (yn, xn) are i.i.d. and Var(y|x) is bounded.
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Assumption 2 For every K there is a nonsingular constant matrix B such that for PK(x) =

BpK(x); (i) the smallest eigenvalue of E[PK(xi)P
K(xi)

′] is bounded away from zero uni-

formly in K and; (ii) K = K(n) and ζ2
0 (K)K/n → 0 as n →∞.

Assumption 3 For an integer d ≥ 0 there are α, β such that |g0− β′pK(x)|d = O(K−α) as

K →∞.

Assumption 4 X is a compact subset of Rr; E(ε4
i |xi) ≤ C almost surely for some constant

C; for some ϕ > 0,

lim sup
n→∞

n−ϕζd+1(K)Kα(K1/2n−1/2 + K−α) < ∞; (3)

and supn≥1 K1/2n−1/2ζd(K) < ∞, where for any nonnegative integer d,

ζd(K) = max
|λ|≤d

sup
x∈X

‖ ∂λPK(x) ‖ . (4)

The fourth conditional moment condition is potentially restrictive; however, I was unable

to remove this condition. The condition of Equation (3) is hardly a condition; it essentially

imposes that ζd+1(K) and K can be bounded by polynomials in K and n respectively. Note

that Assumptions 1, 2 and 3 are the assumptions from Newey (1997), while Assumption 4 is

an assumption that is not needed in Newey (1997). The assumption of compactness of X is

not needed for Theorem 1 of Newey (1997), but for many series estimators - such as the ones

discussed in Newey (1997) - this assumption is natural. Alternatively, total boundedness of

X can be assumed.

The central results of this paper are the following:

Theorem 1 Under Assumptions 1, 2, 3, and 4,

|ĝ − g0|d = OP (K−αζd(K) + ζd(K)(log(n)/n)1/2). (5)

This theorem is an alternative to the uniform convergence rate of Newey’s (1997) Theorem

1, where a rate of K−αζd(K) + ζd(K)K1/2n−1/2 is established. Clearly if K/ log(n) → ∞,

the result of the above Theorem 1 will provide a sharper uniform convergence rate.

The following result characterizes the rate of convergence. Let β̃ = Q−1EpK(xi)g0(xi), where

Q = EpK(xi)p
K(xi)

′.
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Theorem 2 Under Assumptions 1, 2, 3, and 4,

|ĝ − g0|d = OP (K−α + (log(n)/n)1/2ζd(K) + |(β̃ − β)′pK(x)|d). (6)

The problem of characterizing the asymptotic behavior of the last term (essentially the

difference between the best L2- and uniform approximation) is difficult, and I was unable to

find an appropriate upper bound for the general case. I do not know whether the problem

of bounding |(β − β̃)′pK(x)|d for any particular series pK(.) can be solved in such a way as

to attain the optimal convergence rates as determined by Stone (1982). It may be that the

presence of this term, and its asymptotic relevance, is a generic property of series estimators.

3 Power series

For power series, ζd(K) = K1+2d according to Newey (1997), under the following assumption:

Assumption 5 X is a Cartesian product of compact connected intervals on which x has a

probability density function that is bounded away from zero.

For the definition of multivariate power series, see Newey (1997). The following assumption

ensures that one can find a useful value for α.

Assumption 6 g0(x) = E(y|x) is continuously differentiable of order s on X .

Newey (1997) now claims that for d = 0 we can choose α = s/r, while for r = 1 the only

result is α = s− d. Using those values for α, we obtain

Theorem 3 For power series, if Assumption 1, 5, and 6 hold, K3/n → 0, s > d, and

supn≥1 K3+4dn−1 < ∞, then for d = 0

|ĝ − g0|0 = OP (K−s/r+1+2d + K1+2d(log(n)/n)1/2), (7)

and for r = 1,

|ĝ − g0|d = OP (Kd−s+1+2d + K1+2d(log(n)/n)1/2). (8)

The above theorem is unable to show that the optimal convergence rate for nonparametric

estimators can be attained for the case of power series.
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4 Regression splines

This section covers regression splines as discussed and defined in Newey (1997). For regres-

sion splines, we need the following assumption:

Assumption 7 X = [−1, 1]r.

For regression splines, Newey notes that ζd(K) = K1/2+d. Newey (1997) notes that for

regression splines, identically to the case of power series, we can set α = s/r if d = 0 and

α = s− d if r = 1. Combining these values of α with the bound for ζd(K), we obtain

Theorem 4 For splines, if Assumptions 1, 5, 6, and 7 are satisfied, K2/n → 0, s > d, and

supn≥1 K2+2dn−1 < ∞, then for d = 0

|ĝ − g0|0 = OP (K−s/r+1/2+d + K1/2+d(log(n)/n)1/2), (9)

and for r = 1,

|ĝ − g0|d = OP (K2d−s+1/2 + K1/2+d(log(n)/n)1/2). (10)

5 Mathematical proofs

First, we need to make some definitions. Newey (1997) notes that (under Assumption 2)

without loss of generality it can be assumed that Q = EpK(xi)p
K(xi)

′ = I. Newey also

shows that under Assumptions 1 and 2, the minimal eigenvalue of Q̂ = P ′P/n converges to

one. Identically to Newey (1997), let 1n equal 1 if the minimal eigenvalue of Q̂ is greater

than 1/2 and 0 otherwise. Clearly limn→∞ P (1n = 1) = 1. For any matrix A, define

‖ A ‖= (tr(A′A))1/2, where “tr” denotes the trace operator, and let λmax(A) denotes the

maximal eigenvalue of A. Let G = (g0(x1), . . . , g0(xn))′ and let ε = Y −G.

Before starting the proof of Theorem 1, we first state and prove five lemmas that all assume

that Assumptions 1, 2, 3 and 4 hold.

Lemma 1 supx∈X 1n|∂λpK(x)′(Q̂−1 − I)P ′ε/n| = oP (n−1/2ζd(K)).
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Proof of Lemma 1:

This follows because

E sup
x∈X

1n|∂λpK(x)′(Q̂−1 − I)P ′ε/n|2

= E sup
x∈X

1nn
−2|∂λpK(x)′(I − Q̂)Q̂−1P ′ε|2

≤ En−21nε
′PQ̂−1(I − Q̂)2Q̂−1P ′ε sup

x∈X
|∂λpK(x)′∂λpK(x)|

≤ n−2E1n tr
(
(I − Q̂)Q̂−1P ′E(εε′|x1, . . . , xn)PQ̂−1(I − Q̂)

)
sup
x∈X

|∂λpK(x)′∂λpK(x)|

≤ Cn−1ζd(K)2E1n tr
(
(I − Q̂)Q̂−1(I − Q̂)

)

≤ 2Cn−1ζd(K)2E tr
(
(I − Q̂)′(I − Q̂)

)

= 2Cn−1ζd(K)2E ‖ I − Q̂ ‖2

= o(n−1ζd(K)2) (11)

by assumption, where the first inequality is (a′b)2 ≤ a′ab′b, and the last equality uses

E ‖ I − Q̂ ‖2= O(Kζ0(K)2n−1) = o(1) (12)

as established in Newey (1997).

Lemma 2 supx∈X 1n|∂λpK(x)′Q̂−1P ′(G− Pβ̃)/n|2 = OP (n−1ζd(K)2K1−2α).
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Proof of Lemma 2:

This follows because

E sup
x∈X

1n|∂λpK(x)′Q̂−1P ′(G− P β̃)/n|2

≤ E1nn
−2(G− P β̃)PQ̂−1Q̂−1P ′(G− P β̃) sup

x∈X
|∂λpK(x)′∂λpK(x)|

≤ 4n−2ζd(K)2E(G− P β̃)′PP ′(G− P β̃)

≤ 4n−2ζd(K)2E(
n∑

i=1

(g0(xi)− pK(xi)
′β̃)pK(xi)

′)(
n∑

l=1

(g0(xl)− pK(xl)
′β̃)pK(xl))

≤ 4n−1ζd(K)2E(g0(xi)− pK(xi)
′β̃)2pK(xi)

′pK(xi)

= O(n−1ζd(K)2K1−2α) (13)

by assumption. Note that the fourth inequality uses the fact that

E(g0(xi)− pK(xi)
′β̃)pK(xi) = 0 (14)

by the definition of β̃. The “0” here denotes a zero K-vector.

Lemma 3 For each x, E|n1/2ζd(K)−1∂λpK(x)′P ′ε/n|2 ≤ C for some constant C not de-

pending on x.

Proof of Lemma 3:

This follows from noting that for each x ∈ X ,

nζd(K)−2E|∂λpK(x)′P ′ε/n|2

≤ nζd(K)−2E(E(|∂λpK(x)P ′ε/n|2|x1, . . . , xn))

≤ Cnζd(K)−2∂λpK(x)′E(P ′P/n)∂λpK(x)/n

= Cnζd(K)−2(ζd(K)2/n) = C (15)

by assumption.

Lemma 4 For some constant C, supn≥1 Eλmax(n
−1

∑n
i=1 ε2

i p
K(xi)p

K(xi)
′) ≤ C.
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Proof of Lemma 4:

Let C1 and C2 be constants such that E(ε2
i |xi) ≤ C1 almost surely and E(ε4

i |xi) ≤ C2 almost

surely. Then

Eλmax(n
−1

n∑
i=1

ε2
i p

K(xi)p
K(xi)

′)

≤ λmax(Eε2
i p

K(xi)p
K(xi)

′) + Eλmax(n
−1

n∑
i=1

ε2
i p

K(xi)p
K(xi)

′ − Eε2
i p

K(xi)p
K(xi)

′)

≤ C1λmax(EpK(xi)p
K(xi)

′) + (E ‖ n−1

n∑
i=1

ε2
i p

K(xi)p
K(xi)

′ − Eε2
i p

K(xi)p
K(xi)

′ ‖2)1/2

≤ C1 + (
K∑

k=1

K∑

l=1

E(n−1

n∑
i=1

ε2
i plK(xi)pkK(xi)− Eε2

i pl(xi)pk(xi))
2)1/2

≤ C1 + (
K∑

k=1

K∑

l=1

n−1Eε4
i plK(xi)

2pkK(xi)
2)1/2

≤ C1 + (C2

K∑

k=1

K∑

l=1

n−1EplK(xi)
2pkK(xi)

2)1/2

≤ C1 + (C2ζ0(K)2K/n)1/2, (16)

where the last inequality follows from the reasoning in Newey (1997), page 162. By Assump-

tion 2, the second term converges to zero, and therefore the result follows.

Lemma 5 Let {xj : j = 1, . . . , N} denote a set of x-values such that xj ∈ X for all j. If

N = O(nγ) some γ > 0, then

1n max
j
|∂λpK(xj)Q̂−1P ′ε/n| = OP ((log(n))1/2n−1/2ζd(K))). (17)

8



Proof of Lemma 5:

Because of the result from Lemma 1, it suffices to show that

max
j
|∂λpK(xj)P ′ε/n| = OP ((log(n))1/2n−1/2ζd(K)). (18)

Next, note that by Lemma 3, it follows that for all M > 0 and for n large enough,

max
j

P
(
(log n)−1/2n1/2ζd(K)−1|∂λpK(xj)′P ′ε/n| ≤ M

) ≥ 1/2. (19)

Therefore, following Pollard (1984), page 15, Equation (11), we have

P

(
(log n)−1/2n1/2ζd(K)−1 max

j
|∂λpK(xj)′P ′ε/n| > M

)

≤ 4P

(
(log n)−1/2n1/2ζd(K)−1 max

j
|∂λpK(xj)′n−1

n∑
i=1

pK(xi)εiσi| > M/4

)
= 4P1 (20)

for all M > 0, where σi = 1 with probability 1/2 and σi = −1 with probability 1/2 also, and

σi is independent of εl and xl for all l including i. Note that M will be specified at the end

of the proof. Next, note that by conditioning on X = {(x1, ε1), . . . , (xn, εn)},

P1 = EP

(
(log n)−1/2n1/2ζd(K)−1 max

j
|∂λpK(xj)n−1

n∑
i=1

pK(xi)εiσi| > M/4|X
)

≤ E max

(
1, N max

j
P

(
(log n)−1/2n1/2ζd(K)−1|∂λpK(xj)n−1

n∑
i=1

εiσip
K(xi)| > M/4|X

))

≤ E max(1, 2N max
j

exp(−2(M/4)2n(log(n))ζd(K)2/

n∑
i=1

(2∂λpK(xj)′pK(xi)εi)
2)

= P2 (21)

say, where the second inequality is Hoeffding’s (see Pollard (1984), Appendix B). Let C be

the constant of Lemma 4. Then, note that for all η > 0,

P2 ≤ P (max
j
|

n∑
i=1

(∂λpK(xj)′εip
K(xi))

2| > η−1Cnζd(K)2)
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+2N exp(−2(M/4)24−1n(log(n))ζd(K)2/(η−1Cnζd(K)2))

≤ ηC−1ζd(K)−2E max
j

∂λpK(xj)′(n−1

n∑
i=1

ε2
i p

K(xi)p
K(xi)

′)∂λpK(xj)

+2N exp(−ηC−1M2(log(n))/32)

≤ ηC−1Eλmax(n
−1

n∑
i=1

ε2
i p

K(xi)p
K(xi)

′) + 2N exp(−ηC−1M2(log(n))/32)

≤ η + 2N exp(−ηC−1M2(log(n))/32)

≤ η + O(nγn−ηC−1M2/32), (22)

where the second inequality is Markov’s and the fourth inequality uses the result from Lemma

4. Clearly if we choose M2 > 32γC/η, the last term will be o(1).

Proof of Theorems 1 and 2:

Let {xj : j = 1, . . . , N} be the smallest set of x-values such that for all x ∈ X we can find a

j(x) such that ‖ x− xj ‖≤ bn = n−ϕ, where ϕ is as specified in Assumption 4. Since x ∈ Rr

and X is compact, N = O(b−r
n ) = O(nϕr). To start the proof, first notice that

|∂λ(ĝ(x)− g0(x))− ∂λ(ĝ(xj(x))− g0(x
j(x)))| ≤ |ĝ − g0|d+1 ‖ x− xj(x) ‖

≤ |ĝ − g0|d+1bn (23)

if |λ| ≤ d. Therefore,

1n|ĝ − g0|d

≤ max
λ

sup
x∈X

|∂λ(ĝ(x)− ĝ(xj(x))− g0(x) + g0(x
j(x)))|

+1n max
j
|ĝ(xj)− g0(x

j)|d

10



≤ |ĝ − g0|d+1bn + |pK(x)′β − g0|d + 1n max
λ

max
j
|∂λpK(xj)′(β̂ − β)|

≤ |ĝ − g0|d+1bn + |pK(x)′β − g0|d

+1n max
λ

max
j
|∂λpK(xj)′Q̂−1P ′(G− Pβ)/n|

+1n max
λ

max
j
|∂λpK(xj)′Q̂−1P ′ε/n|. (24)

Theorem 1 now follows by noting that the first term is OP (bnζd+1(K)(K1/2n−1/2 + K−α))

by Theorem 1 of Newey (1997), the second term is OP (K−α) by assumption, the third is

OP (K−αζd(K)) by the results in the proof of Theorem 1 of Newey (1997), and the fourth is

OP ((log(n))1/2n−1/2ζd(K)) (25)

by Lemma 5. Therefore, combining those results we conclude that

|ĝ(x)− g0(x)|d = OP

(
n−ϕζd+1(K)(K1/2n−1/2 + K−α)

+K−αζd(K) + n−1/2K1/2−αζd(K) + (log(n))1/2n−1/2ζd(K)
)
. (26)

The first and third term are O(K−α) by Assumption 4, and the result of Theorem 1 follows.

The proof of Theorem 2 follows by noting that

1n|ĝ − g0|d ≤ |ĝ − g0|d+1bn + |pK(x)′β − g0|d + |(β − β̃)′pK(x)|d

+1n max
λ

max
j
|∂λpK(xj)′Q̂−1P ′(G− P β̃)/n|

+1n max
λ

max
j
|∂λpK(xj)′Q̂−1P ′ε/n|. (27)

Using the above results and Lemma 2, it follows that

|ĝ(x)− g0(x)|d = OP (
(
n−ϕζd+1(K)(K1/2n−1/2 + K−α)

+K−α + |(β − β̃)′pK(x)|d + n−1/2K1/2−αζd(K) + (log(n))1/2n−1/2ζd(K)
)

. (28)

The first and fourth term are now O(K−α) by Assumption 4. The result of Theorem 2 now

follows.
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Proof of Theorem 3 and 4:

Theorems 3 and 4 are obtained by combining the rates for ζd(K) and the values for α with

Theorem 1.
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