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Abstract

This paper establishes improved uniform convergence rates for series estimators. Series
estimators are least-squares fits of a regression function where the number of regressors
depends on sample size. I will specialize my results to the cases of polynomials and
regression splines. These results improve upon results obtained earlier by Newey, yet

fail to attain the optimal rates of convergence.
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1 Introduction

In a recent and interesting contribution, Newey (1997) establishes consistency in Ls-norm,
uniform consistency, and asymptotic normality of series estimators. Newey (1997) improves
several results from the existing literature on this subject. In this note, I show that the
argument in Newey (1997) can be extended to show that his uniform convergence rates can
be improved. The mathematical machinery that is used for establishing parts of this result

is from Pollard (1984).

2 Definitions and main results

In this note, I will use notation as in Newey (1997). go(x) = E(y|z) denotes the true
conditional expectations function that is to be estimated. Let (y;,z;), ¢ = 1,...,n be a
random sample from a distribution F(y,x). The vectors of approximating functions will be

denoted as

P (@) = (pix(2), . prrc (@), (1)

and it will be assumed that linear combinations p® (z)'3 can approximate go. Let X denote
the support of the . Define d*h(z) = 9 h(x)/0z7" ... 0z}, where A denotes a vector of

)

nonnegative elements such that [A| = >°7_, A;, and let |g|4 denote

max sup |0 g(x)]. 2
macxsup 0% g(z) 2)

Let Fy(z) denote the probability distribution of the z;. Below, as in Newey (1997), I will
sometimes drop the x argument from expressions such as go(x) and §(x). The series estimator
for g is §(z) = p¥(x)'B3, where 3 = (P'P)"'P'Y, P = [pK(x1),...,p"(z,)] and YV =
(y1,---,yn). From the assumptions, it follows that P’'P/n is asymptotically nonsingular,
which makes it valid to use the above notation. Note that the dimension K of p®(z) is
assumed to grow with n. For establishing his results, Newey (1997) makes three assumptions

(Assumptions 1,2 and 3 below). I will need the following four assumptions:

Assumption 1 (yi,21),..., (Yn, Tn) are i.i.d. and Var(y|z) is bounded.



Assumption 2 For every K there is a nonsingular constant matriz B such that for PX (x) =
Bp®(z); (i) the smallest eigenvalue of E[PX(x;)PX(x;)'] is bounded away from zero uni-
formly in K and; (i) K = K(n) and (3(K)K/n — 0 as n — oo.

Assumption 3 For an integer d > 0 there are o, 3 such that |go — 3'p" ()¢ = O(K~%) as

K — 0.

Assumption 4 X is a compact subset of R"; E(e}|z;) < C almost surely for some constant
C; for some ¢ > 0,

lim sup n~? (g (K)K*(KY?n Y2 4 K% < oo; (3)
and sup,, >, K'Y2n=12¢4(K) < oo, where for any nonnegative integer d,

¢4(K) = maxsup || 0*PX(z) || . (4)

IAN<d zex

The fourth conditional moment condition is potentially restrictive; however, I was unable
to remove this condition. The condition of Equation (3) is hardly a condition; it essentially
imposes that (4,1(K) and K can be bounded by polynomials in K and n respectively. Note
that Assumptions 1, 2 and 3 are the assumptions from Newey (1997), while Assumption 4 is
an assumption that is not needed in Newey (1997). The assumption of compactness of X is
not needed for Theorem 1 of Newey (1997), but for many series estimators - such as the ones
discussed in Newey (1997) - this assumption is natural. Alternatively, total boundedness of
X can be assumed.

The central results of this paper are the following:

Theorem 1 Under Assumptions 1, 2, 3, and 4,

19— gola = Op(K~*Ca(K) + Ca(K) (log(n) /n)'/?). (5)

This theorem is an alternative to the uniform convergence rate of Newey’s (1997) Theorem
1, where a rate of K~“Cy(K) + (q(K)K'Y?n~'/2 is established. Clearly if K/log(n) — oo,
the result of the above Theorem 1 will provide a sharper uniform convergence rate.

The following result characterizes the rate of convergence. Let 5 = Q' Ep™ (x;)go(x;), where
Q = Ep™ (z;)p" ()"



Theorem 2 Under Assumptions 1, 2, 3, and 4,
19— gola = Op(K " + (log(n) /n)"*Ca(K) + |(B = )" ()]a). (6)

The problem of characterizing the asymptotic behavior of the last term (essentially the
difference between the best Lo~ and uniform approximation) is difficult, and I was unable to
find an appropriate upper bound for the general case. I do not know whether the problem
of bounding |(3 — 3)'p¥ (z)|4 for any particular series p’(.) can be solved in such a way as
to attain the optimal convergence rates as determined by Stone (1982). It may be that the

presence of this term, and its asymptotic relevance, is a generic property of series estimators.

3 Power series

For power series, (4(K) = K¢ according to Newey (1997), under the following assumption:

Assumption 5 X is a Cartesian product of compact connected intervals on which x has a

probability density function that is bounded away from zero.

For the definition of multivariate power series, see Newey (1997). The following assumption

ensures that one can find a useful value for a.
Assumption 6 go(z) = E(y|z) is continuously differentiable of order s on X.

Newey (1997) now claims that for d = 0 we can choose @ = s/r, while for = 1 the only

result is @ = s — d. Using those values for «, we obtain

Theorem 3 For power series, if Assumption 1, 5, and 6 hold, K*/n — 0, s > d, and

SUp,,>1 K3Hdp=1 < oo, then for d =0

19— golo = OP(K_S/HH% + K1+2d(10g(”)/n)1/z)> (7)
and forr =1,
19— gola = Op(K*H*20 4 K2 (log(n) /n)'/?). (8)

The above theorem is unable to show that the optimal convergence rate for nonparametric

estimators can be attained for the case of power series.
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4 Regression splines

This section covers regression splines as discussed and defined in Newey (1997). For regres-

sion splines, we need the following assumption:
Assumption 7 X = [—1,1]".

For regression splines, Newey notes that (y(K) = K'?*? Newey (1997) notes that for
regression splines, identically to the case of power series, we can set « = s/r if d = 0 and

a = s —d if r = 1. Combining these values of a with the bound for (4(K), we obtain

Theorem 4 For splines, if Assumptions 1, 5, 6, and 7 are satisfied, K*/n — 0, s > d, and

sup,,>; K?24n~! < oo, then for d =0

|G — golo = Op(K /120 4 12+ (1og(n) /n)1/?), (9)
and forr =1,
G — gola = Op(K**1/2 4 K2 (log(n) /n)/?). (10)

5 Mathematical proofs

First, we need to make some definitions. Newey (1997) notes that (under Assumption 2)
without loss of generality it can be assumed that Q = Ep™(z;)p(z;) = I. Newey also
shows that under Assumptions 1 and 2, the minimal eigenvalue of Q = P'P/n converges to
one. Identically to Newey (1997), let 1,, equal 1 if the minimal eigenvalue of Q is greater
than 1/2 and 0 otherwise. Clearly lim,, . P(1, = 1) = 1. For any matrix A, define
| A ||= (tr(4’A))Y2, where “tr” denotes the trace operator, and let A, (A) denotes the

maximal eigenvalue of A. Let G = (go(z1),...,90(x,)) and let e =Y — G.

Before starting the proof of Theorem 1, we first state and prove five lemmas that all assume
that Assumptions 1, 2, 3 and 4 hold.

Lemma 1 sup,.y 1,|0*p" (2)(Q~' — I)P'e/n| = op(n~"2¢y(K)).



Proof of Lemma 1:

This follows because

Esup1,|0p" (2)(Q™" = I)P'e/nf?

rzeX

= Fsup 1nn_2|8’\pK(x)'(I — Q)Q_lP’dQ

zeX

< En"21,e PQ™"(I — Q)*Q " P'esup |0*p™ (x)'0*p" (2)]

TeEX

< 2Bl (1= Q@ PEE |, 2) PQ™(I — Q) ) sup |05 ()0 (x)

veX
< O G(K P EL (1= Q)Q7 (1= Q)
<20~ (KB (- QY1 - Q)
=200 G(K)E | 1-Q |
= o(n™'Cu(K)?) (11)
by assumption, where the first inequality is (a’b)* < a’ab'b, and the last equality uses
E|1-Q |*=O(KG(K)*n™") = o(1) (12)
as established in Newey (1997).

Lemma 2 sup,.y 1n|8’\pK(x)’Q*1P’(G _ PB)/TLP = Op(n~1¢y(K)2 K1),



Proof of Lemma 2:

This follows because

E sup 1n|8’\pK(x)'Q_1P'(G — PB)/n|2

reX

< E1,n (G — PR)PQ'Q ' P(G — PB)sup |9*p" (x) 0*p™ (2)]

reX

< 4n"%(K)*E(G — P3) PP (G — Pp)

< 4n‘2Cd(K)2E(Z(go(wi) = p" (@) B (2:)) (D (g0 (1) — ™ (1) B)p™ (1))

< AnCu(K)?E(go(wi) — p™ () 6)*p" (2:)'p™ (x:)

= O(n™ (KK ) (13)
by assumption. Note that the fourth inequality uses the fact that

E(go(x;) — p™ () B)p" (i) = 0 (14)
by the definition of 3. The “0” here denotes a zero K-vector. §
Lemma 3 For each x, E|n'/2¢(K)~'0p" (z)'P'e/n|?> < C for some constant C not de-
pending on x.
Proof of Lemma 3:
This follows from noting that for each x € X,

nCq(K)2E|0* " (z) P'e/n|?

< nly(K)2E(E(|0" (2)P'e/n|?|zy, ..., x,))

< OnCy(K) 720%™ (2)' E(P'P/n)o*p" (z)/n

= CnCa(K)(C(K)?/n) = C (15)
by assumption. g

Lemma 4 For some constant C, sup,,s; EXpae (0™ 300 e2p™ (2)p™ (x;)) < C.

)



Proof of Lemma 4:

Let € and Cy be constants such that F(e?|x;) < C} almost surely and F(e}|z;) < Cy almost
surely. Then

EXmaa(n™" ) eip" (w:)p" (2:))
=1
< Maa(BEEP" (20" (23))) + B (0™ Y ep" (a)p™ (2) = Eefp™ (w)p" (x.)')
i=1

< Ot s (B™ ()™ (2)') + (B || n™ Y edp™ (wa)p™ () — Befp™ (ai)p™ (x) |1P)1/?
=1

K K n
<G+ O BT etpi(i)prx (x:) — Belpy(xi)pi(:))*)/?
k=1 1=1 i=1

K K
<Ci+ (Z ZnflEé‘?le(%)2]%[((%’)2)1/2

k=1 I=1
K K

< Cy+ (Cy Z Z nilEle(xi)zpkK(l'i)Q)l/Q
k=1 I=1

<0+ (02(0(K>2K/”)1/27 (16)

where the last inequality follows from the reasoning in Newey (1997), page 162. By Assump-

tion 2, the second term converges to zero, and therefore the result follows. g

Lemma 5 Let {2’ : j = 1,...,N} denote a set of x-values such that ¥’ € X for all j. If
N = 0O(n") some vy >0, then

L, max 07" (a))Q ™ P'e/n| = Op((log(n))/*n~2Ca( K))). (17)



Proof of Lemma 5:
Because of the result from Lemma 1, it suffices to show that

max [0p™ (27) P'e [n| = Op((log(n))/*n~"?C(K)). (18)
Next, note that by Lemma 3, it follows that for all M > 0 and for n large enough,

m;axP ((logn)~2n2¢y(K) "o p™ (a7) P'e/n| < M) > 1/2. (19)
Therefore, following Pollard (1984), page 15, Equation (11), we have

P ((log n) V22 (K) " max |0*p” (27) P'e /n| > M)
J

<4P ((log n) " Y2n2¢y(K) ™ max |0 (27) Zp (x;)ei00] > M/4> =4P, (20)
j

i=1

for all M > 0, where o; = 1 with probability 1/2 and ; = —1 with probability 1/2 also, and
0; is independent of ¢; and x; for all [ including 7. Note that M will be specified at the end
of the proof. Next, note that by conditioning on X = {(z1,€1),...,(n,en)},

P, =FEP ((logn)_l/in/QQd(K)_lmax|8’\ Ky Zp x;)Ei0;| > M/4|X)
j

i=1

< E'max (1,NmaXP ((logn)_1/2n1/2C (K)7Horp™( Zazazp ()] > M/4|X>>
j

< Emax(l,?Nm?xexp(—Q(M/él) n(log(n) /Z 20Mp™ (7)™ (2:)e:)?)

— P, (21)

say, where the second inequality is Hoeffding’s (see Pollard (1984), Appendix B). Let C be
the constant of Lemma 4. Then, note that for all n > 0,

P, < P( rnax]z (™ (27) ep™ (2:))?] > n~'Cnla(K)?)

=1



+2N exp(—2(M/4)*47 n(log(n))Ca(K)?/ (1™ Cnca(K)?))

< 10 G(K) P Emax d*p® (2) (n”! Xj; eip™ (wi)p"™ (i) )0 p" (27)

+2N exp(—nC~*M?(log(n))/32)

<O~ B (0! iS?pK(xi)pK(mi)/) + 2N exp(—nC~'M?*(log(n))/32)

<1+ 2N exp(—nC~' M?*(log(n))/32)
<n+ O(n”n‘”cflMQ/‘g?), (22)

where the second inequality is Markov’s and the fourth inequality uses the result from Lemma
4. Clearly if we choose M? > 32vyC'/n, the last term will be o(1). &

Proof of Theorems 1 and 2:

Let {z7:j=1,..., N} be the smallest set of z-values such that for all z € X we can find a
j(z) such that || x — 27 ||< b, = n~%, where ¢ is as specified in Assumption 4. Since z € R"
and X is compact, N = O(b,") = O(n¥"). To start the proof, first notice that

0(3() — 90()) — DG — go(DN)] < 13— golara | 7 — 7 |

<19 — gola+1bn (23)
if |A\| < d. Therefore,

1ng — gola

< max Sup 10*(§(2) — §(x7@) — go(x) + go(a?@))]
ze

+1, mjax 19(z7) — go(2?)]a

10



<19 = golaaba + ™ ()8 = gola + 1n max max 0" (27)' (6 = B)]

<19 = golar1bn + [p™ (2)'B = gola

+1, max max 102" (27 Q™' P'(G — PB)/n
j

+1, max max 02" (27) QT Pe /). (24)
J

Theorem 1 now follows by noting that the first term is Op (b, (a1 (K) (K012 + K=2))
by Theorem 1 of Newey (1997), the second term is Op(K~%) by assumption, the third is
Op(K~*(4(K)) by the results in the proof of Theorem 1 of Newey (1997), and the fourth is

Op((log(n))*n~12(y(K)) (25)
by Lemma 5. Therefore, combining those results we conclude that
9(2) — go(@)la = Op (0~ #Cusn () (K212 4 K2)
+K G (K) +n 2K (K + (log(n))/*n~2(y(K)) - (26)

The first and third term are O(K~%) by Assumption 4, and the result of Theorem 1 follows.
The proof of Theorem 2 follows by noting that

1019 = gola < 19 — golar1bn + [P* (2)'B = gola + (8 — B)'p" ()]a
+1n max max [0p" (a? )Q'P'(G — PB)/n|
+1, max max 02" (7)Y Q1 P'e /). (27)
Using the above results and Lemma 2, it follows that
19(2) = go(x)]a = Op((n™#Carr (K) (K0~ '2 4 K7°)
PR (8= B )]a + RN G ) + (log(n) a0 (K)) . (28)

The first and fourth term are now O(K~“) by Assumption 4. The result of Theorem 2 now

follows. 1
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Proof of Theorem 3 and 4:

Theorems 3 and 4 are obtained by combining the rates for (4(K) and the values for o with
Theorem 1. g
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