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Abstract 
 

 Clarida, Galí and Gertler (CGG 2000), Orphanides and Williams (2005), Kim and 
Nelson (2006), and others have found time variation in the Fed’s “Taylor Rule” interest 
rate policy response function.  CGG arbitrarily break their period into two fixed-
coefficient 20-year subperiods, however, rather than letting the data tell them when and if 
any shift in the coefficients occurred.  They also proxy their expected inflation and output 
gap variables using fixed coefficients on several instrumental variables during each 
subperiod.  This effectively models agents as making forecasts with coefficients derived 
from data that has not yet been observed.   
 
 The present paper uses the author’s Adaptive Least Squares algorithm 
(McCulloch 2005a) to estimate this policy response function.  First, it is used to simulate 
expected inflation and the expected unemployment gap using continually time-varying 
filter estimates that are based only on data that agents could have observed at the time the 
simulated forecast is made.  Then, it is used to estimate the Fed’s policy response 
function, using continually changing smoother estimates that employ both past and future 
data.  
 

The Likelihood Ratio statistic rejects the hypothesis of constant coefficients in all 
three equations.  Smoother estimates of the Taylor Rule indicate that the coefficient on 
expected inflation rose from barely 1.0 to 2.0 or higher during 1975-1980.  It fell to 1.6 in 
the 1990’s, but has been nearly 2.0 since 2003.  The response to the unemployment gap 
has been negative throughout, and was strongest near 1980 and since 2002.  The 
equilibrium inflation rate consistent with the Taylor Rule coefficients could be anywhere 
in the range of 1% to 6% since 2003, depending on the unobserved equilibrium real 
interest rate. 

 
 
 



 

1.  Introduction 
 
 Clarida, Galí and Gertler (CGG 2000), Orphanides and Williams (2005), Kim and 
Nelson (2006), and others have found time variation in the Fed’s “Taylor Rule” interest 
rate policy response function.  However, the widely cited CGG paper arbitrarily breaks 
the period it studies into two fixed-coefficient 20-year subperiods, rather than letting the 
data dictate when and if any shift in the coefficients occurred.  They also proxy their 
expected inflation and output gap variables using fixed coefficients on several 
instrumental variables during each subperiod.  This effectively models agents as making 
forecasts with coefficients derived from data that has not yet been observed.   
 
 The present paper uses the author’s Adaptive Least Squares (ALS) algorithm 
(McCulloch 2005a, 2005b) to estimate this policy response function, in terms of expected 
inflation and the expected unemployment gap.  Longbrake and McCulloch (2007) find 
that the conventional “output gap” employed by CGG and others may simply be a 
statistical illusion.  The natural rate of unemployment, even if uncertain and time-
varying, is a much more solid concept than potential output.  This paper therefore uses 
the unemployment gap – the difference between the actual and natural rates of 
unemployment – in place of the customary output gap.   
 

ALS is used to simulate expected inflation and the expected unemployment gap 
using continually time-varying filter estimates that are based only on data that agents 
could have observed at the time the simulated forecast is made.  Then, it is used to 
retroactively estimate the Fed’s policy response function, using continually changing 
smoother estimates that employ both past and future data.   
 

Section 2 below briefly reviews the ALS model.  Section 3 describes the data.  
Section 4 uses ALS to estimate a Vector Autoregression (VAR) of inflation on past 
inflation and unemployment.  Section 5 models unemployment as a VAR of past inflation 
and unexpected inflation, as determined by the inflation model of Section 4.  Section 6 
then fits a Taylor Equation for the Federal funds rate, using the expected inflation series 
constructed in Section 4 together with the unemployment gap series implied by the model 
of Section 5.  Section 7 concludes.   

 
2.  The Adaptive Least Squares Model.   
 
 The Adaptive Least Squares (ALS) model of McCulloch (2005a) considers a 
time-varying-parameter linear regression model of the form  

         (1) 
),,(~,

),,0(~,

11

2

tktttt

ttttt

NID
NIDy

Q0ηηββ
βx

×− +=
+= εσεε

t = 1, … n, in which xt is a 1×k row vector of ideally exogenous explanatory variables, βt 
is a k×1 column vector of time-varying coefficients, and ηt is a k×1 column vector of 
transition errors that are independent of the observation errors εt.  Let yt be the t×1 vector 
of dependent variables observed up to and including time t.  Ordinarily the first element 
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of each xt is unity, so that the first element of βt is the intercept.  Qt is the k×k covariance 
matrix of the transition errors ηt.   
 
 ALS makes the special assumption  
  11 −−= ttt T PQ ρ .            (2) 
where the Effective Sample Size, Tt, is determined, as in the famous Local Level Model of 
Muth (1960) and Kalman (1960), by  
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for a fixed signal/noise parameter ρ, to be estimated.  The Effective Sample size at first 
grows almost as fast as the actual sample size t, but is ultimately bounded above by  
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the unique positive root of the quadratic equation that defines the fixed points of (3).   
 
 Under this model, it can be shown that the Extended Kalman Filter implies that  
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This is equivalent to the Recursive Least Squares discussed by Sargent (1999) and Evans 
and Honkapohja, except that the gain γt = 1/Tt varies optimally with t so as to nest the 
Local Level Model when k = 1, rather than being a constant.  The gain is bounded below 
by γ∞ = 1/T∞, however.   
 
 A slightly more complicated recursive formula (see McCulloch 2005a for details) 
gives the “smoother” estimates of the coefficient matrix, based on the entire sample of 
size n rather than just the first t observations as with the filter:   
  .         ..(11) ),(~| S
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 The predictive error decomposition, based on the filter estimates, can be used to 
compute the Maximum Likelihood (ML) estimate of the hyperparameter ρ, and therefore 
of the sequence Tt and its limit T∞.  The hypothesis that there is no change in the 
coefficients, i.e. that ρ = 0, may then be tested by means of the Likelihood Ratio (LR) 
statistic.  Since this null hypothesis is on the boundary of the permissible parameter 
space, it does not have the customary χ1

2 distribution.  Nevertheless, its critical values 
can be approximated by Monte Carlo methods.  The exact critical values depend on the 
sample size and the number of regressors (k), but in general the 5% critical value is 
approximately 2.3.   
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3.  Data 
 
 Data on the seasonally adjusted Personal Consumption Expenditures Chain-type 
price index Pt, the seasonally adjusted civilian unemployment rate Ut, and the Federal 
Funds rate Rt were obtained from the St. Louis Fed’s FRED data base.  The PCE deflator, 
series PCECTPI vintage 3/29/07, was available quarterly from 1947Q1 to 2006Q4, and 
annualized percentage quarterly inflation πt computed from it as 400 log(Pt/Pt-1).   
 

Inflation prior to 1953Q1 is much noiser than that after this date, because of 
improvements in CPI data collection that occurred at that time and carried over to the 
PCE deflator.  Consequently, inflation before 1953Q1 was not used.  The series 
employed is shown in Figure 1 below.   

 

 
 

Figure 1 
 
 Unemployment, series UNRATE, was obtained monthly, 1948.01 – 2007.03, and 
quarterly averages of the monthly figures computed from these for 1948Q1 to 2007Q1.  
In order to align with the inflation data, only 1953Q1 – 2006Q4, shown in Figure 2 
below, was employed.   
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Figure 2 
 
 The effective Federal Funds rate, series FEDFUNDS, was obtained as monthly 
averages of daily figures, 1954.07 – 2007.03.  Each quarter, from 1954Q3 to 2007Q1, 
was represented by the last month of the quarter, so as to reflect Fed policy at a “point” in 
time when most of the data for the quarter in question was already realized (even if not 
yet published).  The portion of the series employed, from 1960Q1 to 2006Q3, is depicted 
in Figure 13 below.    
 
4.  The Inflation Equation.   
 
 Inflation was regressed on a constant and up to 4 lags of itself and unemployment, 
using ALS.  In order to accommodate up to 4 lags of inflation without using data before 
1953Q1, the regressions were run on data from 1954Q1 to 2006Q4.   
 

In order to keep the model relatively parsimonious, a general-to-specific model 
selection procedure was used, in which all 4 lags of both variables were first used.  The 
maximum absolute t-value for the smoother estimates of the longest lag of each variable 
was computed, and if either value was less than 1.96, the lag with the smaller value was 
omitted.  The model was then reestimated with one fewer lag coefficient, and the 
procedure repeated until both of the longest surviving lag coefficients had maximum 
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absolute t-values in excess of 1.96.  The selected model had 3 lags of inflation itself and 4 
lags of unemployment.1  Its estimates are given below:  

 
n = 212 
T∞ = 38.6 (quarters) 
LR = 4.55 

 
The limiting effective sample size of 38.6 quarters may be thought of as 

indicating that the parameters turn over approximately every 38.6/4 = 9.6 years, so that 
there were in effect about 5 or 6 different regimes observed.  The LR statistic for the 
hypothesis of no change in the parameters (ρ = 0 ) well exceeds the approximate 5% 
critical value of 2.3.     

 

                                                 
1   In the selected model, the fourth lag of Ut had a maximal t value that only barely exceeded 2, while the 
third lag was insignificant throughout, so that 2 lags of Ut would have given similar results.  The first and 
second lags of Ut and all 3 lags of πt were highly significant, however.   
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Figure 3 below shows the filter coefficients on the three included lags of inflation 
in the inflation equation, along with their sum.2  Because the scaled precision matrix Wt 
is singular until the sample size t equals the number of coefficients estimated k, the filter 
is not even calculable until k = 6 quarters have elapsed.  Even then, the effective sample 
size starts off quite small, resulting in very low precision and high variance to the filter 
estimates.  The erratic behavior of the filter coefficient estimates during the first couple 
of years is therefore to be expected.  By 1958 they appear to have stabilized, however.    

 

 
Figure 3 

 
In a general 2-variable VAR, the stability of each variable will depend, in general, 

on all the coefficients of both equations.  However, as long as unemployment is itself 
stationary (about a time-varying natural rate), the stationarity of inflation (about a time-
varying long-run inflation rate) will depend only on the inflation coefficients in the 
inflation equation, and in particular on their sum.  We will assume that this is the case.   

 
Prior to 1970, the sum of the lag coefficients was distinctly less than unity, 

indicating a stationary process for inflation, as argued at the time by Sargent (1971).  By 

                                                 
2  As in OLS, ALS autoregressive coefficients will tend to be biased, and in particular their sum will tend to 
be biased downwards, particularly with small sample sizes as the sum approaches unity.  In ALS, it is in 
fact the effective sample size Tt, rather than the full sample size n that is relevant.  Adjusting for this baias 
along the lines of e.g. Andrews and Chen (1994) goes beyond the scope of this paper.    
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1974, however, the sum of the lag coefficients had reached and even briefly exceeded 
unity.  This phenomenon was noted already in the late 70s by Klein (1978).  The three 
non-zero lags, whose relative size has moved around considerably, indicate that the 
simple Local Level Model of Muth (1960), which formalizes the Adaptive Expectations 
model of Cagan (1956)  is insufficiently general to capture inflationary dynamics.   

 
 Figure 4 below shows the sum of the filter estimates of the coefficients on lagged 
unemployment in the inflation equation.  The individual coefficients, which often have 
large magnitude and either sign, but are often locally insignificantly different from 0, are 
not shown.  Although the net effect of U on inflation is small, it is consistently negative, 
and was larger before the early 1970s than afterwards.       

 
Figure 4 
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 Figure 5 below shows actual inflation πt and simulated expected inflation  
computed from the filter estimates of the parameters.  Figure 6 gives unexpected 
inflation, .

1Ê +tt π

ttt ππ 1Ê −− 3

 

 
Figure 5 

                                                 
3  There is clear visual evidence in Figure 6 of volatility clustering.  It is anticipated that future versions of 
this paper will allow for this in this and the other two equations estimated here with a GARCH-ALS model, 
along the lines discussed in McCulloch (2006a).  This may modify somewhat the standard error estimates 
and test statistics in the present paper.   
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Figure 6 

 
5.  The Unemployment Equation 
 
 Since inflation is a non-stationary process, an unconstrained 2-equation VAR on 
inflation and unemployment would, with probability 1, imply that unemployment is also 
non-stationary.  In order to permit unemployment to be stationary and therefore to have a 
well-defined natural rate, we instead model unemployment as a VAR in a constant and up 
to 4 lags of itself and of simulated unexpected inflation, as constructed from the model of 
Section 4 above.  This system is in effect a 2-equation structural VAR , with the natural 
rate restriction imposed, that unemployment depends inflation only to the extent it is 
unanticipated.   
 
 Since 4 lags of the unexpected inflation variable are not available until 1957Q2, 
the unemployment equation begins with that date.  The general-to-specific model 
selection procedure like that used for the inflation equation permitted a reduction of the 
equation for unemployment to 2 lags of itself, plus two lags of unexpected inflation.  The 
ML estimates of the signal/noise parameter imply  
   n = 199 
   T∞ = 34.7 (quarters) 
   LR = 3.76 
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The asymptotic effective sample size (34.7 quarters = 8.7 years) is similar to that 
obtained for the inflation equation.  The LR statistic again well exceeds the 2.3 
approximate 5% critical value, permitting rejection of parameter constancy.   
 
By far the most important variables are the lags of inflation itself, shown in Figure 7 
below.  The first lag is consistently greater than unity, while the second lag is consistently 
negative, indicating the change in unemployment has  considerable inertia to it.  Since 
unexpected inflation is, by assumption, stationary with mean 0, the stationarity of 
unemployment depends on its own lag coefficients.  These sum consistently to less than 
unity, which permits the construction of a natural rate estimate as the constant term, 
divided by 1 minus the sum of the unemployment lag coefficients.   
 

 
Figure 8 
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 The unexpected inflation variable does not add much to lagged unemployment 
itself, since the second lag is only occasionally significant, while the first lag is never 
significant, and is only included because the second lag is.  Nevertheless, the sum of the 
two coefficients, plotted in Figure 9 below, generally has the expected negative sign.   
 

 
Figure 9 
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Since the unexpected inflation variable by assumption has mean 0, the natural 
unemployment rate can be computed as the constant term, divided by 1 minus the sum of 
the unemployment lag coefficients.  Figure 10 below shows the filter estimate, based only 
on past unemployment data, alongside the smoother estimate, based on both past and 
future data, for comparison.  The filter reflects what agents at the time could have 
perceived the natural rate to be, while the smoother is the best estimate, given the benefit 
of hindsight.  Naturally the two estimates coincide at the last date observed.  These 
estimates confirm the conclusion of Orphanides and Williams (2006) that the Fed 
generally underestimated the natural rate in the years leading up to 1980, and generally 
overestimated it afterwards.   

 
Figure 10 

 



 13

 Figure 11 below shows the filter predictions of unemployment for the coming 
quarter, alongside actual unemployment.  When unemployment is very high or low, the 
coming quarter’s rate is generally predicted to be below or above the current rate, 
respectively, as the rate reverts gradually to the current natural rate.  A few exceptions 
occur, however, because when the rate changes quickly, the inertia in the rate of change 
can induce it to continue briefly in the same direction before eventually being attracted to 
the natural rate.    
 

 
Figure 11 
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 Figure 12 below shows the predicted next quarter unemployment gap, defined as 
the filter-predicted unemployment rate minus the filter-estimated natural rate, alongside 
the estimated current unemployment gap.  It may be seen that there is not a great 
difference between the two series.   
 

 
Figure 12 

 
6.  The Taylor Equation 
 
 We are now in a position to estimate a “forward-looking” version of the Fed’s 
Policy Response function, by using ALS to regress the Federal Funds rate on a constant, 
expected inflation for the coming quarter, the expected unemployment gap for the 
coming quarter, and up to 4 lags of the Funds rate itself, as follows: 
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Since we now want to make an historical assessment of what the Fed’s policy was 

on each date, under the assumption that it was not too dissimilar immediately before or 
immediately after, we will now focus on smoother estimates of the coefficients.  In order 
to give the unemployment gap estimates a few quarters to stabilize, we do not attempt to 
begin this regression until 1960Q1.  Figure 13 below shows the data used for this Taylor 
Rule regression.   
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Figure 13 

 
 Our model selection rule permits eliminating the fourth lag of the Funds rate, but 
not the third lag, i.e. we use p = 3 in (12).  The estimates are  
   n = 187 
   T∞ = 20.7 (quarters) 
   LR = 11.58. 
The asymptotic effective sample size, 20.7 quarters = 5.1 years, is substantially smaller 
than for the first two equations, though probably not significantly so, given the large 
range of uncertainty of these estimates.  The LR statistic again easily permits rejection of 
parameter constancy.   
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Figure 14 below shows the smoother estimates of the three coefficients on lags of 
the Funds rate, along with their sum.  It may be seen that there was a substantial increase 
in the persistence of the Funds rate between 1975 and 1980, from a sum of around 0.6 to 
a little over 0.8.  Since 1995 there has been a gradual further increase, to nearly 0.9.   

 
Figure 14 

 
 Figure 15 below show the smoother-generated estimates of the long-run Taylor 
Rule coefficients, computed as the smoother estimates of the corresponding raw 
coefficient, divided by 1 minus the sum of the lagged Funds rate coefficients.  It may be 
seen that the coefficient on expected inflation was near or even below 1.0 prior to 1975, 
but rose sharply to 2.0 or even higher by 1980.  It fell off to about 1.6 in the late 90s, but 
has been back above 1.8 since 2003.   
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Figure 15 

 
 The long-run coefficient on the expected U gap is negative throughout.  This 
would imply a positive coefficient on the output gap, if the U gap were used as a negative 
proxy for the y-gap.  Since lagged U is already being used to form the inflation forecasts, 
the presence of the U-gap in the Taylor rule actually represents an activist policy, rather 
than just a supplementary term to help forecast inflation, as might be appropriate if past 
inflation rather than our bivariate forecast were used directly in the equation.   
 
 It may be seen that policymakers were actually softest on unemployment at the 
height of the Volcker credit crunch in 1980-82.  In the late 80s and 90s, they were almost 
twice as activist as during the 60s, and since 2003 they have almost reached their 1982 
peak.   
 

If the equilibrium real interest rate that neither pushes inflation up nor down 
relative to expectations is constant at some level r*, the Taylor Rule (12) implies that in a 
steady state, in which inflation is fully expected, and Ugapt is 0, inflation will be constant 
at an equilibrium level of 
  , )1/()*(* −−= ttt barπ
provided bt is greater than 1.  This level depends on the difference between r* and the 
constant term a, and is greatly magnified if the inflation term b is close to unity.   
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Figure  16 below plots this equilibrium inflation rate for five values of r* ranging 
from 0 to 4%.  Prior to 1967, when bt was actually less than 1, the equilibrium rate is 
undefined.  Between 1967 and 1980, it is defined but generally offscale.  Since 1980, it 
has been between -1% and 7%.  Currently, it could be anywhere between 1% and 6%, 
depending on the unobserved value of r*.   

 

 
Figure 16 

 
An intrinsic drawback of using an interest-rate rule to target inflation is that the 

required rule depends on the unknown level of r*.  Unfortunately, the only way to 
determine r* is to pursue a neutral monetary policy and see what the market comes up 
with.  The Catch-22 is that in order to know whether a policy is neutral, we would first 
have to know r*!   

 
A monetary aggregate growth rule has the analogous drawback that its outcome 

depends on the demand for money, which is not precisely observable either.  In the end, 
the choice between an interest rate rule or a money growth rule depends not on which is 
“correct,” but on the consideration of which uncertainty is less.  In the spirit of Poole 
(1970), a fully optimized policy might in fact be a blend of an interest-rate rule and a 
money-growth rule.   
 
 It is not inconceivable that r* varies with the macroeconomic conditions that give 
rise to variations in the unemployment gap.  In particular, a deficiency of aggregate 
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demand for current output (relative to future output) would tend to simultaneously cause 
an unanticipated fall in real interest rates (relative to earlier forward rates) and a surge in 
unemployment.4  Even a purely inflation-targeting, non-activist Taylor Rule might 
therefore include the U-gap with a negative sign, in order to compensate for likely 
fluctuations in r*.   
 
 Although we were careful to model expected inflation and unemployment as a 
structural VAR using potential lags of both in each equation, most of the explanatory 
power was in the own lags (on the variable in question) rather than the alien lags (on the 
other variable).  It therefore would have made little difference if we had simply used 
univariate ALS models to forecast these two variables.   
 

Furthermore, although we were careful, following CGG, to use a “forward-
looking” Taylor Rule that employs current expectations of next quarter’s values of 
inflation and the U-gap, the high degree of persistence of both series implies that, a 
“backward looking” Taylor equation that simply used current values of the inflation rate, 
either for the most recent quarter or averaged over the past 4 quarters, and of the 
unemployment gap would have given almost identical results.   
 
7.  Conclusion 
 
 Adaptive Least Squares successfully models a time-varying structural VAR 
reduced form for inflation and unemployment that permits us to construct numerical 
proxies for agents’ real-time expectations of these variables.  It then permits us to fit a 
“forward-looking” Taylor equation with time-varying coefficients.   
 

The Likelihood Ratio statistic rejects the hypothesis of constant coefficients in all 
three equations.  The more “fundamental” coefficients in the inflation and unemployment 
equations are estimated to turn over, in effect, every 9.7 or 8.6 years, respectively, while 
the policy-determined coefficients in the Taylor Rule change, in effect, every 5.1 years.   

 
Smoother estimates of the Taylor Rule indicate that the coefficient on expected 

inflation rose from barely 1.0 to 2.0 or higher during 1975-1980.  It fell to 1.6 in the 
1990’s, but has been nearly 2.0 since 2003.  The response to the unemployment gap has 
been negative throughout, and was strongest near 1980 and since 2002.  The equilibrium 
inflation rate consistent with the estimated Taylor Rule coefficients could be anywhere in 
the range of 1 to 6% since 2003, depending on the unobserved equilibrium real interest 
rate. 

 
 

                                                 
4   See McCulloch (1981). 
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