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Note: The questions shown correspond to one version of the midterm, which

we can call version "3" based on player 1’s first strategy in question 1. The other

versions are "2", "5", and "6". I will give the answers to that midterm, with

some explanations, then give the answers to the other versions.

1. (25 points) In the following two player, zero sum game, player 1 chooses

either the integer 3 or the integer −5, and player 2 chooses either the integer
−4 or the integer 1. Player 1’s payoff is the product of the integers selected by
each player, and player 2’s payoff is the negative of the product of the integers

selected by each player. That is, 1 = {3−5}, 2 = {−4 1}, 1(1 2) = 12,

and 2(1 2) = −12.

Find the mixed strategy Nash equilibrium of this game. You must show your

work to get any credit.

Answer:

The matrix form of the game (for version "3") is

player 2

-4 1

player 1 3 −12 12 3−3
-5 20−20 −5 5

Suppose player 1 uses the mixed strategy ( 1 − ) and player 2 uses the

mixed strategy ( 1 − ). Then  must be such that player 1 is indifferent

between his two strategies:

−12 + 3(1− ) = 20 + (−5)(1− )

which implies  = 1
5
. Also,  must be such that player 2 is indifferent between

her two strategies:

12+ (−20)(1− ) = −3 + 5(1− )

which implies  = 5
8
. Therefore, the mixed strategy NE is 1 = (5

8
 3
8
) and

2 = (
1
5
 4
5
).

For version "2" the MSNE is 1 = (
2
3
 1
3
) and 2 = (

2
3
 1
3
).

For version "5" the MSNE is 1 = (
2
7
 5
7
) and 2 = (

4
7
 3
7
).

For version "6" the MSNE is 1 = (
3
5
 2
5
) and 2 = (

1
7
 6
7
).
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2. (25 points) Consider the extensive form game shown below.

Solve for the subgame perfect Nash equilibrium using backward induction,

and specify the equilibrium strategy profile here:

Note: remember to specify a full strategy profile, and not just a payoff or

path through the game tree.

Answer:

For version "3", the SPNE is ().

For version "2", the SPNE is ().

For version "5", the SPNE is ( ).

For version "6", the SPNE is ( ).

2



3. (25 points) Consider the repeated game in which the following stage

game is played an infinite number of times. A player’s payoff in the repeated

game is the average of his/her payoffs across all the periods.

player 2

J K

player 1 M 3 2 1 0

N 4 1 1 0

(a) (10 points) Find a Nash equilibrium of the infinitely repeated game in

which the profile (M,J) is played in every period on the equilibrium path of the

game. Remember to specify a complete strategy profile, and briefly explain your

answer.

(b) (15 points) Find a subgame perfect Nash equilibrium of the infinitely

repeated game in which the profile (M,J) is played in every period on the equi-

librium path of the game. Remember to specify a complete strategy profile, and

briefly explain your answer. [Note: if you choose, you can use the same strategy

profile in your answer to parts (a) and (b).]

Hint: The "folk theorem" presented in class will not help for this problem.

Think about "social norms" and punishment phases.

Answer:

(a) Here is the NE strategy profile, describing the action taken by each player

after every history: Player 1 plays M after every history. Player 2 plays J after

every history in which player 1 has never played N. After all histories in which

player 1 has played N at some previous stage, player 2 plays K.

This is a NE because each player is best responding to the other’s stated

strategy. In particular, player 1 does not want to ever switch to N.

(b) Here is the SPNE strategy profile: Player 1 plays M after every history.

Player 2 starts with J in period 1. Afterwards, if in the previous period the

action profile was (M,J), so the players were "cooperating", player 2 plays J;

if in the previous period the action profile was (M,K) or (N,K), so that player

2 was "punishing", player 2 switches to cooperate mode and plays J; if in the

previous period the action profile was (N,J), player 2 switches to punishment

mode and plays K for one period.

This is a SPNE because the continuation strategy profile for every subgame

is a NE. In particular, if player 1 switches to N, his payoff over two periods is

4+1, which is less than what he would have gotten by following his strategy.

Also, player 2 is willing to punish for one period. In punishment subgames she

receives an average payoff of 2, so she is best responding.

Other versions of the test relabelled the strategies in the matrix or flipped

players 1 and 2 (so that it would be player 1 doing the punishing), but the

explanation is the same as above.
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4. (25 points) Two firms are engaged in a Stackelberg game. First firm 1

chooses its quantity, 1. Then firm 2 observes firm 1’s quantity before choosing

its own quantity, 2. Firm 1 has a marginal production cost of 35 per unit, and

firm 2 has production cost of zero. The market inverse demand function is given

by

 = 150− 1 − 2

(a) (15 points) Solve this game for the subgame perfect Nash equilibrium.

Remember to specify a complete strategy profile.

(b) (10 points) Find a Nash equilibrium of this game that is not subgame

perfect, in which firm 1’s quantity equals firm 2’s quantity along the equilibrium

path of the game. Remember to specify a complete strategy profile.

Answer:

(a) In a SPNE, firm 2’s quantity must be a best response to each quantity

of firm 1. Given the observed 1, firm 2’s payoff function is

(150− 1 − 2)2

Differentiating with respect to 2, setting the expression equal to zero, and

solving for 2 yield firm 2’s strategy:

150− 1 − 22 = 0

2 = 75− 1

2


Firm 1 takes into account the impact of its output on firm 2. Thus, we can

write firm 1’s payoff as a function of only its own quantity by substituting firm

2’s strategy computed above.

(150− 1 − (75− 1

2
))1 − 351

Simplifying yields the payoff function

(40− 1

2
)1

Differentiating with respect to 1, setting the expression equal to zero, and

solving for 1 yields firm 1’s strategy:

40− 1 = 0

1 = 40

The SPNE is (1 = 40 2 = 75− 1
2
).

(b) For a NE in which the two quantities are equal on the equilibrium path,

the quantity is found by solving the following equations:

2 = 75− 1

2
1 = 2
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This yields the quantity, 50, so firm 1’s strategy must be to choose the quantity

1 = 50. Firm 2 must be choosing a best response to 50, but responses to other

quantities do not have to be best responses. However, firm 2’s responses to other

quantities must guarantee that firm 1’s best response is to choose 50. Here is

one such NE:

1 = 50

2 = 50 if 1 = 50

2 = 150 if 1 6= 50

For version "2", SPNE is (1 = 40 2 = 90 − 1
2
). Here is a NE in which

quantities are equal on the equilibrium path:

1 = 60

2 = 60 if 1 = 60

2 = 180 if 1 6= 60

For version "5", SPNE is (1 = 20 2 = 45 − 1
2
). Here is a NE in which

quantities are equal on the equilibrium path:

1 = 30

2 = 30 if 1 = 30

2 = 90 if 1 6= 30

For version "6", SPNE is (1 = 30 2 = 60 − 1
2
). Here is a NE in which

quantities are equal on the equilibrium path:

1 = 40

2 = 40 if 1 = 40

2 = 120 if 1 6= 40
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