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2. (20 points)
Suppose that an economy with two commodities has the excess demand
function given by

1,2 Pl
z(p',p°) = (*LF)

for pt > 0 and p? > 0. [If we have p> = 0, then excess demand is not well-
defined.

(a) Is this excess demand function consistent with Walras’ law? That is,
does p - z(p) = 0 for all prices for which excess demand is well-defined?

(b) Could this excess demand function have been derived from each consumer
maximizing utility subject to a budget constraint, where each utility function is
continuous, strictly monotonic, and strictly quasi-concave, and where all initial
endowments are strictly positive? FExplain carefully.

Answer:
(a) Yes, this is consistent with Walras’ Law. Evaluating p - z(p), we have

P(-1) +p2<’;—;> 0.

(b) This is impossible. Under all these assumptions, our existence theo-
rem guarantees that a CE exists. Therefore, there is a price vector such that
z(p) < 0. However, 22(p) < 0 can only hold if p! = 0, which violates strict

monotonicity. (If a price was zero, there would necessarily be excess demand
for that good.)

3. (20 points)

Consider the following economy, with two consumers and two commodities.
The economy’s aggregate resources are given by the vector, (1,1). Consumer
1 has the utility function,

ui(21) = 2log(x71) + log(a7),
and consumer 2 has the utility function,

us(w2) = log(ay) + 2log(a3).



(a) Prove that there is no specification of endowments (wi,w?, wi,w3) such

that (x1,2%, 23, 23) = (.5,.5,.5,.5) is a competitive equilibrium allocation. Be
sure to specify which theorems you use in order to prove this result.

(b) Find all initial allocations (wi,w? wl w3) for which (z},22, 23, 23) =
(%, %, %, %) is a competitive equilibrium allocation. [Note: since anything not
allocated to consumer 1 is allocated to consumer 2, you can characterize all such
allocations by specifying w3 as a function of wi.]

Answer:

(a) Suppose (z,2%, 23, 23) = (.5,.5,.5,.5) is a competitive equilibrium al-
location for some endowments. The FFTWE implies that this allocation is
Pareto optimal, and our theorem characterizing Pareto optimality when utility
is differentiable establishes that the marginal rates of substitution (at the PO
allocation) must be equal across the two consumers. This contradicts the fact
that consumer 1’s MRS=2 and consumer 2’s MRS:%.

(b) At the allocation (xf,x?,23,23) = (2,3, %, %), the two consumers have
equal marginal rates of substitution, so our characterization theorem implies
that the allocation is Pareto optimal. The SFTWE guarantees that this al-
location is a CE allocation for the initial allocation (2, %,%,2). Normalizing
p?> = 1, the supporting price ratio must equal consumer 1’s marginal rate of
substitution,

which equals 1 at (z},2%) = (3,1). Therefore, we have p' = 1. Any initial

endowment vector on the same budget line yields the same solution to the
utility maximization problems of the two consumers, so the set of endowments
3 2 1°1°2)is a CE allocation must satisfy

for which (.’L‘%,l'%,l'%,l‘g) = (37 313173
pray+at=plor +wi
Plugging the price and consumption bundle into the above equation, we have
1 2
l=wj +wi.
4. (30 points)

In the following economy, there are three consumers and two commodities.
Consumer 1 has the endowment vector, w1 = (2,1), and the utility function,

u (1) = log(z1) + log(z7).
Consumer 2 has the endowment vector, ws = (1,2), and the utility function,

us(w2) = log(wy) +log(a3).



Consumer 3 has the endowment vector, wz = (1,1), and the utility function,
u(23) = log(x3) + Alog(a3),

where A is a positive constant.

(a) Define a competitive equilibrium for this economy.

(b) Normalizing the price of commodity 2 to be one, p?> = 1, calculate the
competitive equilibrium price vector, (p!, 1), as a function of the parameter, A.

(¢) For what values of A will consumer 2 be a net purchaser of commodity
2 at the competitive equilibrium?

Answer:
(a) A CEis a price vector, (p*!, p*2), and an allocation, (z3!, 232 23!, 232, 23!, 32
such that

(231, 2%2) solves

max log(z1) + log(z?)

subject to
p*lx% +p*2$? S 2p*1 +p*2
1 Z Oa
(a3, 232) solves
max log(:cé) + log(mg)
subject to
p*lx% +I)*ng S p*l +2p*2
T2 Z 07

(w31, 23?) solves

max log(z3) + Alog(z3)

subject to
p*lmé +p*2$§ S p*l +p*2
xs3 Z Oa

and markets clear:
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(b) By monotonicity, budget inequalities and market clearing inequalities
all hold as equalities. With the normalization, consumer 1’s demand is charac-
terized by

2

ﬁ _ *1
2l 2
plat+2? = 2p 41

Solving for the demand functions, we have

1 2t 4+ 1
Ty = 2p*1 ’
2 2pt 41
o=

Consumer 2’s demand is characterized by

2
) 1
1 = P,
)
1.1 2 1
prayta; = pt42.

Solving for the demand functions, we have

2 2p*1 ’
Ty = 7

Consumer 3’s demand is characterized by
2

T3 _ 1
Tl P,
plai+ad = pt4l

Solving for the demand functions, we have

xl _ p*l + 1
VS

2 = A(p* +1)
3 (A+1)

We can solve for p*! by using the market clearing condition for commodity 2:

=4.

2 2 (A+1)
Solving, we have

3A+5
5A+3




(¢c) Consumer 2 is a net purchaser of commodity 2 if we have

p*l 42
2

> 2.

This can be written equivalently as

BA+5 _ .,

5A+3 7 :
or

3A+5> 104 +6,
or

TA < —1.

Obviously, this is inconsistent with A being positive, so there are no positive
values of A for which consumer 2 is a net purchaser of good 2.



