
Perfect Bayesian Equilibrium

For an important class of extensive games, a solution
concept is available that is simpler than sequential equi-
librium, but with similar properties.

In a Bayesian extensive game with observable ac-
tions, nature moves first and independently selects a type
for each player. Afterwards, the actions chosen by players
are observed by all.



Definition 231.1: A Bayesian extensive game with
observable actions is a tuple, hΓ, (Θi), (pi), (ui)i where

1. Γ = hN,H,P i is an extensive game form with perfect
information and (possibly) simultaneous moves

2. The set of types for player i, Θi, is a finite set, and
we denote Θ = ×i∈NΘi

3. pi is a probability measure on Θi, where pi(θi) > 0

for all θi ∈ Θi, and these measures are independent

4. ui : Θ × Z → R is a von Neumann-Morgenstern
utility function.



The set of histories is {∅} ∪ (Θ×H)

The information set for player i ∈ P (h) is of the form

I(θi, h) = {((θi, θ0−i), h) : θ0−i ∈ Θ−i}

To solve the game, we will be looking for a profile of be-
havioral strategies in Γ (for each player and each type)
((σi(θi)) and a belief system µi(h) that specifies a com-
mon belief, after the history h, held by all players other
than i about player i’s type.

Let s be a profile of behavioral strategies in Γ. Define
Oh(s) to be the probability measure on terminal histories
of Γ generated by s, given the history h.

Define O(σ−i, si, µ−i | h) to be the probability measure
on terminal histories of Γ, given i uses si, other players
use type-dependent behavioral strategies σ−i, the history
reached is h, and beliefs are given by µ−i.



Definition 232.1: Let hΓ, (Θi), (pi), (ui)i be a Bayesian
extensive game with observable actions, with Γ = hN,H,P i.
A pair ((σi), (µi)) = ((σi(θi))i∈N,θi∈Θi

, (µi(h))i∈N,h∈H\Z)
is a perfect Bayesian equilibrium if the following con-
ditions are satisfied

1. Sequential Rationality : For every non-terminal his-
tory h ∈ H\Z, every player i ∈ P (h), and every type
θi ∈ Θi, the probability measure O(σ−i, σi(θi), µ−i |
h) is weakly preferred by type θi to O(σ−i, si, µ−i | h)
for any strategy si of player i in Γ.

2. Correct initial beliefs: µi(∅) = pi for each i ∈ N .

3. Action-determined beliefs: If i /∈ P (h) and a ∈
A(h), then µi(h, a) = µi(h). If i ∈ P (h), a ∈ A(h),
a0 ∈ A(h), and ai = a0i, then µi(h, a) = µi(h, a

0).



4. Bayesian updating : If i ∈ P (h) and ai is in the
support of σi(θi)(h) for some θi in the support of µi(h),
then for any θ0i ∈ Θi, we have

µi(h, a)(θ
0
i) =

σi(θ
0
i)(h)(ai)[µi(h)(θ

0
i)]P

θi∈Θi
σi(θi)(h)(ai)[µi(h)(θi)]

.

Interpreting conditions 3 and 4:

Action-determined beliefs—since types are independent,
beliefs about player i’s type cannot be influenced by the
actions of the other players. You can’t signal what you
don’t know. If player i does not make a move after the
history h, then the action profile after history h does not
change µi. If player i does move after the history h,
then the actions of players other than i do not change
µi.



Bayesian updating—If player i’s action after history h is
consistent with beliefs others have about player i at h,
given σi, then the new belief is derived from Bayes’ rule.

If player i’s action after history h is inconsistent with
beliefs others have about player i at h, given σi, then
the denominator in the Bayes’ rule expression is zero.
At this point, the other players form a new belief about
player i, which is the basis for future Bayesian updating
until σi is contradicted again, and so on.

Notice that perfect Bayesian equilibrium (PBE) is simply
not defined for extensive games with unobservable ac-
tions. Beliefs are about nature’s initial choice of types,
not about which history we are at within an information
set.



Proposition 234.1: Let (β, µ) be a sequential equi-
librium of the extensive game associated with the fi-
nite Bayesian extensive game with observable actions,
hΓ, (Θi), (pi), (ui)i. For every h ∈ H, i ∈ P (h), and
θi ∈ Θi, let σi(θi)(h) = βi(I(θi, h)). Then there is a
collection, (µi(h))i∈N,h∈H where µi(h) is a probability
measure on Θi, such that

µ(I(θi, h))(θ, h) =
Y

j∈N\{i}
µj(h)(θj)

holds for all θ ∈ Θ and h ∈ H and ((σi), (µi)) is a
Perfect Bayesian equilibrium of the Bayesian extensive
game.

If we are in the framework of Bayesian games with ob-
servable actions, any sequential equilibrium is a PBE, al-
though there may be PBE that are not sequential equi-
libria. The key to the proof is showing that the beliefs in
the sequential equilibrium (about histories, conditional on
an information set) can be used to construct beliefs in the
PBE (about types, which are independent and commonly
held).



Signaling Games

A signaling game is a special case of a Bayesian extensive
game with observable actions. One player, the sender,
is informed of an uncertain parameter, θ1, and chooses
an action, m. The action or message may directly affect
payoffs. The other player is the receiver, who observes
the message and takes an action, a.

Spence’s model of education: Worker (sender) knows her
productivity, θ, while the employer (receiver) does not.
We think of competition between employers causing the
wage to equal the expected productivity of the worker,
but we simplify by assuming that there is one employer
with utility −(w− θ)2.

The message is the level of education, e, and the worker’s
utility is w − e/θ. The more productive, the easier it is
to acquire education.



θ = θL with probability pL

θ = θH with probability pH

Restrict attention to pure strategy equilibria: eL and
eH.

Pooling Equilibrium: eL = eH = e∗.

When the worker chooses e∗, the employer chooses w∗ =
pLθL+ pHθH. To find the values of e∗ consistent with
PBE, we specify beliefs off the equilibrium path that make
deviations least likely. The employer believes that any
deviation is from a low-productivity type, so (by sequen-
tial rationality) the wage would be

w(e) = θL for e 6= e∗.



The best deviation is to choose e = 0, and the worker
most tempted to deviate is a low-productivity type, so
sequential rationality is satisfied if and only if

θL ≤ w∗ − e∗/θL

holds, which implies

e∗ ≤ θLpH(θH − θL). (1)

Thus, for any e∗ satisfying (1), we have a PBE. The
worker chooses e∗. The employer chooses

w(e) = w∗ if e = e∗

w(e) = θL if e 6= e∗.

Beliefs are

µ(e)(θL) = pL if e = e∗

µ(e)(θL) = 1 if e 6= e∗.



Notice that, in these pooling equilibria, the worker gets
education to avoid being labelled a loser, not to distin-
guish herself as a high-productivity type. (Don’t be
a high school dropout.) One could modify beliefs so
that sufficiently high education signals a high-productivity
type, but where the signaling is too costly to be worth-
while.

Notice also that PBE accomodates games with a contin-
uum of actions, while the definition of sequential equilib-
rium would have to be even more complicated to acco-
modate these games.

Separating Equilibrium: eL 6= eH.

First, we must have eL = 0 in any separating equilib-
rium, or else a low-productivity type should deviate to
e = 0. To find the range of eH consistent with a sep-
arating equilibrium, we can restrict attention to beliefs
µ(e)(θL) = 1 if e 6= eH.



Beliefs are

µ(e)(θL) = 1 if e 6= eH

µ(e)(θL) = 0 if e = eH.

Sequential rationality by the employer implies

w(e) = θL if e 6= eH

w(e) = θH if e = eH.

Clearly we have a separating PBE if and only if neither
type benefits from deviating to the other type’s educa-
tion:

θL ≥ θH − eH/θL (2)

θL ≤ θH − eH/θH. (3)

From (2) and (3), we have a separating PBE whenever
θL(θH − θL) ≤ eH ≤ θH(θH − θL) holds.



Because higher productivity is less costly to signal, a sep-
arating equilibrium always exists.

Notice that education is not really productive in the model.
(Get an MBA to signal that, since you can handle the
work, you will be productive.) However, if you measure
the productivity of workers, you might think that educa-
tion is productive.

If the equilibrium is such that eH = θH(θH−θL), what
should an employer think about a worker that chooses a
slightly lower education? Who is more likely to make
such a deviation?



Refinements of Sequential Equilibrium

Sequential equilibrium places almost no restrictions on
beliefs off the equilibrium path. However, there are many
games in which certain beliefs off the equilibrium path
should be rejected. For example, no one should believe
that a player is choosing a strictly dominated action. The
following example cannot make an argument based on
dominated strategies, but one of the sequential equilibria
is less plausible than the other.
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Beer and Quiche



The title of this game is based on the book in the 1980’s,
“Real Men Don’t Eat Quiche.”

There are two classes of sequential equilibrium.

Eq. 1: Strong and weak types of player 1 choose B.
Player 2 fights if he observes Q, but not if he observes B.
Beliefs: Player 2 uses Bayes’ rule if he observes B, and
believes that player 1 is at least as likely to be weak as
strong if he observes Q.

Given the beliefs, player 2’s strategy is sequentially ratio-
nal. The beliefs are consistent. Given player 2’s strategy,
player 1’s strategy is seqentially rational. A weak player
1 receives a payoff of 2, but deviating to Q would give
him a payoff of 1, due to the fact that player 2 is prepared
to fight.



Eq. 2: Strong and weak types of player 1 choose Q.
Player 2 fights if he observes B, but not if he observes Q.
Beliefs: Player 2 uses Bayes’ rule if he observes Q, and
believes that player 1 is at least as likely to be weak as
strong if he observes B.

Given the beliefs, player 2’s strategy is sequentially ratio-
nal. The beliefs are consistent. Given player 2’s strategy,
player 1’s strategy is seqentially rational. A strong player
1 receives a payoff of 2, but deviating to B would give
him a payoff of 1, due to the fact that player 2 is prepared
to fight.

Here is the problem: consistency does not take into
account the fact that a weak player 1 is receiving a payoff
of 3, and would never consider a deviation to B. A strong
player 1 could consider B, hoping that player 2 chooses
not to fight. Thus, player 2 should infer that anyone
deviating to B must be strong, and not fight. This logic
invalidates this sequential equilibrium.



The Intuitive Criterion is a refinement of sequential
equilibrium that formalizes this logic. See Cho and Kreps
(QJE 1987).

Given an equilibrium, let S(m) denote the set of types
who prefer the equilibrium to the out-of-equilibrium mes-
sage m, for any beliefs of player 2 and any best response
by player 2. [Types in S(m) are ruled out.]

If, for some out-of-equilibrium messagem, there is a type
who prefers to send the message m, given that player 2
rules out types in S(m) and chooses a best response ac-
cordingly, then the equilibrium outcome fails the intuitive
criterion.



Trembling Hand Perfect Equilibrium

The notion of trembling hand perfection is that players
think that other players make mistakes with small proba-
bility. Actions must be optimal given the equilibrium and
also given the perturbed belief that allows for mistakes.
With sequential equilibrium, the epsilon perturbations are
only used in defining consistent beliefs, not sequential ra-
tionality.

The concept of perfection can be applied to strategic
games as well as extensive games, and the results are
slightly different.

Definition 248.1: A trembling hand perfect equilib-
rium of a finite strategic game is a mixed strategy profile
σ with the property that there exists a sequence (σk)∞k=0
of completely mixed strategy profiles that converges to σ,
such that for each player i, σi is a best response to σk−i
for all k.



It follows by continuity that any trembling hand perfect
equilibrium is a Nash equilibrium.

0, 0 0, 0 0, 0
0, 0 1, 1 2, 0
0, 0 0, 2 2, 2

For this game, (T,L) and (B,R) are Nash but not perfect.

For two player strategic games, a profile is trembling hand
perfect if and only if it is a mixed strategy NE, and neither
player’s strategy is weakly dominated.



Directly extending the definition of trembling hand per-
fection to extensive games has the problem that players
do not consider the possibility that they will tremble in
the future, which allows for trembling hand perfect equi-
libria that are not subgame perfect.

L R
A, a 1, 1 1, 1
A, b 1, 1 1, 1
B, a 0, 2 2, 0
B, b 0, 2 3, 3

((A, a), L) is trembling hand perfect, because player 2
can think that player 1’s most likely mistake is (B, a).

However, the unique subgame perfect equilibrium of the
extensive game is ((B, b), R).



Definition 251.1: A trembling hand perfect equilibrium
of a finite extensive game is a behavioral strategy profile
that corresponds to a trembling hand perfect equilibrium
of the agent strategic form of the game.

Note: In the agent strategic form, there is a separate
player for each information set, with all agents of a given
player having the same payoffs.

Proposition 251.2: For every trembling hand perfect
equilibrium β of a finite extensive game with perfect re-
call, there is a belief system µ such that (β, µ) is a se-
quential equilibrium of the game.

Note: The converse is not true, since sequential equilib-
rium has no bite for games with a single, simultaneous
move. However, the converse is true generically. Also,
since a trembling hand perfect equilibrium exists, a se-
quential equilibrium exists as well.



The previous example showed a strategy profile that is
perfect according to the strategic form, but not according
to the extensive form. Here is an example of a strategy
profile that is perfect according to the extensive form, but
not according to the strategic form.

L R
L, a 0, 0 1, 1
L, b 0, 0 1, 1
R, a 0, 0 0, 0
R, b 1, 1 1, 1

((L, b), R) is perfect according to the extensive form,
because the initial player 1 can believe that he is more
likely to tremble later than player 2. This cannot be
perfect according to the strategic form, because player 1
is using a weakly dominated strategy.



Perturbations of the Game

Rather than perturbing strategies, a different robustness
test on equilibrium is to perturb the game itself.

In the chain store game, if we introduce a small probabil-
ity that the chain store is a “crazy” type that will always
fight, then there are perfect Bayesian equilibria in which
even the normal chain store is willing to fight for most of
the game.

This is about perturbing the game, not about introduc-
ing irrationality. The crazy type might be completely
rational, but simply receive a higher utility from fighting.



The following example, from Bagwell (GEB 1995), shows
that the first mover advantage is completely eliminated
when we introduce a small amount of noise in player 2’s
observation of player 1’s move. The following matrix
shows the payoffs as a function of the actions of the two
players. Player 2 has two available actions, but four
strategies, since her action can be a function of her ob-
serrvation of player 1’s action.

S C
S 5, 2 3, 1
C 6, 3 4, 4



There is a unique subgame perfect equilibrium, in which
player 1 chooses S, and player 2 chooses S if S is ob-
served, C if C is observed. The outcome is (S,S) [for
Stackelberg], and payoffs are (5,2).

On the other hand, if the game is simultaneous move, the
unique Nash equilibrium is (C,C) [for Cournot], and the
payoffs are (4,4). Thus, there is a first mover advantage.

Now consider the noisy-leader game, where player 2 re-
ceives a signal, φ ∈ {S,C}, such that

pr(φ = S | S) = 1− ε = pr(φ = C | C).

Player 1 chooses an action, a1 ∈ {S,C}

Player 2 chooses a function, ω(φ), which can be written
as (ω(S), ω(C)).



Consider a pure strategy Nash equilibrium of the noisy-
leader game, (a1, (ω(S), ω(C)). No matter what the
signal is, ω(φ) must be a best response to a1. Thus,
player 2 always plays the same action a2 = ω(S) =

ω(C). Anticipating that player 2 will always play the
same action, a1 must be a best response to a2. There-
fore, the actions chosen must form a Nash equilibrium of
the simultaneous move game, and all of the first mover
advantage is lost.

This argument is completely general, as long as no off-
equilibrium-path information sets can exist (common sup-
port assumption).

For fixed ε, no matter how small, this is trembling hand
perfect.



What is going on? For positive ε, no matter how small,
player 2 chooses a best response to player 1’s strategy,
and ignores her signal. If we suppose there can be an
equilibrium with player 1 choosing S, player 2 must be
playing S, but then player 1 can deviate to C; player 2
will think it is a “tremble” by nature and not a deviation.
There is a discontinuity in the limit, where a deviation is
recognized as such, allowing the Stackelberg outcome.

But when ε is small, the assumption of common knowl-
edge of rationality is really being tested!

With mixed strategies, the first-mover advantage comes
back. Player 1 chooses S with probability 1 − ε and C
with probability ε. When C is observed, the small chance
of an incorrect signal is balanced by the small chance that
player 1 chose an unlikely action. Player 2 responds to
S with S, but mixes in response to C.


