Discrete-time Dynamic Optimization

Consider the problem:
T
Max Zﬁtr(xt,ut) = r(Xo,Uo) + Br(Xs,us) + --- + BTr(xr,ur)
Ut o

subject to: X1 = g(Xt,Ut), Xo given.

Xt. state variable.

us: control variable

Bt discount factor

r(Xt,ut): single-period reward function
g(xt,Uy): state transition function

Classical Optimization Techniques

Example: The Ramsey Problem
.
Max > Btu(cy)
“ o

subject to: ki = f(ky) —crand k1 >0
Form the Lagrangian:
L = u(Co) + -+ + ptu(cy) + B*tu(Ca) + -+ + Bru(cr)
+ Ao[f(ko) —co — k1] + -+ + A¢[f(kt) — €t — K1 ] + ArkTea
First-order conditions include:
oL _ ﬁtg—(l:lt ~ =0

OCt
oL _ t1_OUu  _ =
aCt+1 aCt+1 AlHl O
% = —At+ lt+1f l(kHl) =0

Ar>0, ki1 >0, Atkraa =0
Sustituting for the A terms, we obtain:
U/(Ct+l) /
1=p——"F'(k
Py ko)
Euler Equation: difference equation system in ci, ki
Initial condition: k.
Final value condition: kr.1 = 0

Infinite Horizon Case

Now suppose that T —» +o
If a steady-state exists, then ct1 = ¢, and so:



lim k(t) = k

t-o0

lim c(t) = ¢ = f(k)

t—>o0

pf'(k) =1
Backwards Induction with Finite Horizon

In the finite-horizon problem, we may try another approach.
Problem:

.
Max > BtIn(cy)
“ o

subject to: k1 = kf —crand kryp >0
Suppose we start by solving the problem at time T.
Max In(cT)
Ct

subject to: kty1 = k§f—-cr >0

First we trivially obtain: c; = k{.

Question: What is the value of setting c; = k§?
Denote this value as Vo = In(k§) = alnky

The zero subscript indicates zero remaining periods.
Next we pose:

Max [Incr_1 + Vo], subject to:kt = k§_; — Cc11

CT-1

or: Max [Inct_1 + palnks], subject to:kt = k§_; —c11

CT1-1

or: Max [Incr_1 + BalIn(kf_; —cr-1)]
C1-1
Proceed as:
dlincr; + Po In(k$_; — Cc1-1)]
dcra
1 o _0
Ct-1 k%, —-cCr

-0

k-of-_l —C11 = aﬁCT_l

o
k%1



* _ lLa *
kT =kf1—ci4
a
—_ la kal

_ . 1 a
B |:1 1+ap :|kT‘1

- 12k
1+ap

We now derive Vq:
Vi = Inciy + afInks

— alnkrs - In(1 + af) +aﬁ|n( - fiﬁ ) + a2BInkr

Simplfying:

V1 =a(1+aﬂ)|nkT_1—In(1+aﬁ)+aﬁ|n(ﬁ)

This is of the form:
Vi=all+apf)Inkrs + Q1
Next we pose:
Max [Inct—2 + V1], subject to:kt1 = k¥, —c1

C1—2

Rewrite as:
I\C/Iax [Inct2 + B(a(L+ aB)In(kf_, — C1-2) + Q1-1)]
T-2

First-order Condition:

dl ] _ 1 _aBa+ep) _,

dcr- Ct2 k%, —cro
Solution is of the form:
kf_,
(L+ap+(aB)?)
: aB+(@B)? .
= 2\ “T-2
L +ap+(af)’)

*
Cro =

Next:
V, =Inci, + BV1
= Inci, + fla(l+ ap) Inks_; + Q11 ]
Collecting terms, we find that:
Vy = a(l+af+ (@Bf)?)Inkra +Qrs



A pattern is emerging in which:

T-t
Vit = (a Z(aﬁ)' ) Ink; + Q1_¢
i-0
cr— — KL

T-t
D (@p)
i=0

We have solved for a series of policy functions, cf.
As a byproduct, we have also solved for a series of value functions, Vr_;.
Now consider the infinite horizon problem:

Max Y ptu(cy)
o

subject to: ki1 = f(ky) —crand lim ki > 0

t—+o0
We conjecture that the solution is given by:
K a-apke

T-t

D (@p)

i=0
T-t

V = lim (a D (@p)! +QT_t)
i=0

t—+0

ci =Ilim

t—+0

o

= mln k: + constant
Infinite Horizon Problems: A Recursive
Approach

Max 'r(X¢, U
ax 2 prxe u)

subject to: X1 = g(Xt,Ut), Xo given.
The objective may also be written out as:

Mu?x [r(Xo,Uo) + Br(X1,u1) + B2r(xz,uz) + -]

Next consider the problem:

Max [r(x1,u1) + Br(xz, u) + B?r(xs,uz) + ---]



subject to: X1 = g(Xt,Ut), X1 given.
Now suppose that we know the solution to the second problem.
Solution consists of {uj,us,---,X5,X3,---}.
Now define:
V(x1) = [r(xe,ui) + Br(xs,uz) + B2r(x3,u3) + -]
Conjecture that V(-) is time-invariant.
Next return to the original problem:

Max [r(Xo,Uo) + Br(xs,us) + B2r(xz,uz) + ---]
Ut
This problem is characterized by time-consistency.
We can reoptimize at any time.

The remaining solution is unchanged.
The problem can be restated as:

I\/lIJax [r(Xo,Uo) + Br(x1,ui|xs) + ﬂzr(x§|x1,u§|x1) + -]
=Max [r(Xo,Uo) + SV (X1)] where x; = g(Xo,Uo)
Uo

Define the function, h(xo), as the solution, u*(xo).
The functions V and h are related through the Bellman equation:

V(x) =max {r(x,u) + BV[g(x,u)]}
=max {r(x,u) + pV[X]}, where X = g(x,u)

Solving the "max" part of the RHS requires that we set:
u = h(x)

where h(x) solves the FOC of the maximization problem.
The Bellman equation is a functional equation.

The solution consists of the functions V and h.

For well-behaved problems:

1. Solution consists of a unique concave value function V.
2. Solution for V is the limit as ] — oo of:

Vj2 (0 =max {r(x,u) + BV;(%)}

subject to : X = g(x,u), x given.

3.  The time-invariant policy function, u; = h(x:), is unique.
4.  Off corners, limiting value function is differentiable with:

V') = Lpheo] + p 2y )

where X = [x,h(x)]
In the Bellman equation, replace u with the optimal value h(x) to obtain:



V() = rix,h() ]+ BV{glx, h() I}

Differentiate both sides with respect to x:

V'(x) = %[x,h(x)] L orx.u] dn

ou dx
. ( 9glx.u] %MN@J
BV ( OX M ou  dx

The terms multiplying % must be zero by the FOC.
If % = 0, then we obtain the simpler form:

V(0 = Lo xh(o)]

Guess and Verify

Must be lucky or faced with standard problem type.
Consider the deterministic Ramsey Problem:

Max > BtIn(cy)
“ o

subject to ki1 = kff —crand lim k¢ > 0

t—oo

Guess V(ki) = Q + Blnk;
If correct we need to choose ¢ to maximize:

V(ki) =Max [Inct + B(Q + BlInkg1)]
=Max [Inc; + SQ + BBIn(kf —ct)]

First-order Condition:

1__ P
Ct  (kf —cv)
Solving:
«_ ki
“t = 1778
Then:
k* _ ka x ka k{x
t+1 = Kt —Cf = Kt m



Now plug into Bellman equation:
V(ki) = Inc{ + pQ + BBIn(k{,;)

_ kf PB .
= In(ﬁ) +ﬁQ+ﬂB|n(mkt)
ka
=ﬁQ+ﬂBInﬁB+(1+ﬁB)In( 1+tﬁB)
= pQ+ BInpB — (1 + B)In(1 + BB) + (1 + B)aInk;

Therefore:

B=a(l+pB) =B = 1_“aﬂ

Q= B+ BBINAB - (1+ B)In(l + BB)
1 [ ap o In(1 - ap)
Q= 1—ﬂ{1—aﬁ In(l—aﬂ)+ 1—ap)

k{ "
1+tﬂB = (l_aﬂ)kt

ci =




Howard’s Policy Improvement Algorithm

This methodology iterates on the h function.
In particular consider the case of a linear h
We generate a sequence, {ho,hy,---}

Hope to converge.

Ramsey Example:

Max YIn(c
ax 3 ptincey
subject to ki1 = kf —crand lim k¢ > 0
t—o0

Start with uy = kyr = ho < kff = ¢t = (1 — ho)kf.
Next form:

Jo(ko) = D BIn[(1 — ho)kf]
t=0

iﬁ‘{ln(l —ho) +aln ko]>

SIS

_ w T aflnko + BINks + B2 Inky + -]
But recall that:
Kisa = ho « kf = Inkyas = In(ho) + alnks.
Therefore:
Inks = In(ho) + alnko
Inks = Inhg + aInk;
= Inhg + a[In(ho) + alnko]
= (1+a)Inhy + a?Inkg
Pattern becomes:
Inke = [1+a+a?+---+a]Inhy + allnko
Now recall:



In(1 - ho)
1-B

_ |n(l—ho)
——1_[3 +a|nko

+ aﬁ[ln(ho) +aln ko]
+ap?[(1+a)lnhg +a?Inke]

+af[(A+a+a?)Inhg+adlnke] + -+

Jo(ko) +aflnko + BInky + B%Inky + ---]

Therefore:
Jo(ko) = constant + aInko + a?BInko + a®B?Inkg + ---
= constant + a[1 + af + (af)? + ---]Inko
= constant + —%—— Inkg

(1-ap)
Now denote the hypothetical value function as Jo.
Bellman Equation is given by:
V(kt) = In(k?‘ - kt+1) + ﬂ\]o(kprl)
ap

= In(k?‘ — kt+1) + ﬂ x constant + (1——0@ In kt+1
Maximize with respect to K1
First-order condition:

-1 af 1
=0
ke =Koz 1-aB Ken
1 af 1

K — K a 1-ap Kt

Solve for k;,; = apki = hy = aff and ¢t = (1 —hq)k;
Iteration works in one step.

Value Function Iteration

We may also iterate on the value function. We start with an arbitrarily selected
candidate value function. As one possibility, choose:

V(ki) = vo(ki) = OVk;
Now consider the problem:
Mu?x {u(ct) + Bvo(k))} = {In(kf —ur) + B -0}
Trivially,
cf =kfandui =kf{; =0
The new value function becomes:



vi(ky) = In(k) + B -0
= alnk;
New problem:
Mu?x {u(ce) + pvi(ke) } = {In(kf —up) + aflnuc;

First-order condition:

__ -1 o
0= - + 0

Uiy = Olﬂkfx — aﬂut

Therefore:

* a * *
Uf‘:km:ﬁk?ﬁct = k{ — U

. 0B \pu Kk
C“(1‘1+aﬂ)“"u+am

The new value function becomes:

V2(k) = In ((1 Kt B) ) + B - alnk,

o iy ) e i)
1

+a|nkt+aﬁln( i +/iﬂ) ) T a2BlInk,

'”( 1+ap

Collecting terms:

_ 1 ap
Va(ky) = In( T+ ap ) +aﬂ|n( A+ ap) ) +a(l+ap)Ink;

Next consider:

Max {In(k?—ut)+ﬂ-|:ln(ﬁ) +aﬁ|n( e ﬂﬁ) ) +a(1+aﬁ)|nut:|}

First-order condition:

0= ka_l +ap+ap) g

Ut = af(1 +apf)kf —af(l+ ap)u;

. _ ap(l+ap)
Ui = ki = 77 aB(l+ap) ke

We can also solve for:



ci = kf —uf
3 k“|: 1+aBl+aP)—aB(l+ap) :|
- 1+aB(l+ap)

_ 1 k¢
1+af(l+apP)

_ 1 k¢
1+aB+ (ap)?
A pattern is emerging in which, in the limit:
ci(L+aB+ (af)?+---) = k¢
ct o

T-ap H

Therefore:
¢t = (1-ap)kf

Stochastic Problems

Consider the problem:
Max EO(Z Bir(x, Ut))
ut =0

subject to: X1 = g(Xt, Ut, €111),

where: ¢; is iid, with Prob{e; < e} = F(e), vVt

At each t, x; and ¢; are known.

But u; must be chosen before the realization of €1

Solution to the stochastic problem is a contingency plan.
Choice of u; should not be made until the realization of ¢;.
Classical procedures no longer apply.

The Classical solution jointly determines all of the u; att = 0.
Not very helpful for deciding on a contingency plan.

We first consider:

Max Ei[r(xi,us) + Br(Xz,uz) + ---]
Ut
Conjecture that the solution is uy = h(xt).

Solution is an autonomous contingency rule.
If h(+) is known, we may compute:

E1V(x1) = E1[r(Xs,h(x1)) + Br(xz,h(x2)) + -]
with Xi1 = g(Xt, h(Xt)y€t+1)

We again call V(-) the value function.
Next, we reconsider:



Muax EO(Z Br(x, Ut))
‘ t=0
Right-hand side may be rewritten as:
= Eo[r(Xo,Uo) + Br(xs,us) + B2r(xz,uz) + ---]
= Eo{r(xo,Uo) + BEa[r(x1,h(x1)) + Br(xz,h(xz)) + -]}
= I(Xo,Uo) + BEo{E1[r(x1,h(x1)) + Br(xz,h(x2)) +---1}
= I'(Xo,Uo) + BEo{E1[V(X1)]} = r(Xo,Uo) + BEo[V(X1)]
Original problem may therefore be written as:

Max [r(Xo,Uo) + BEoV(X1)] where x1 = g(Xo,Uo,€1)
Uo

The Bellman equation is given by:
V(x) =Max r(x,u) + BE[V(g(x,u,€))|X]

where: E[V(9(x,u,€))|X] = IV(g(x,u,e))dF(e)

We may now iterate on:
Vi1(0) =Max (r(x,u) + BELV;(g(x,u, €))[x])

Differentiating the RHS, we obtain:

% +ﬁE[%(XyUﬁ)V’(g(X,u,e))|x:| =0

The value function also satisfies:
%}C(X)) + ﬂE|: g_g(X, h(x),e)V'(g(x, h(x), e))|x:|

When % = 0, the formula for V'(x) becomes:
or(x,h(x))
OX
Combine V'(x) and FOC to obtain the stochastic Euler equation:

or(Xt, Uy) |: 0g(Xt,Ut, €tr1) Or(Xer1,Ut1) :| _
OU¢ * 'BE OUt OXt11 X = 0

V(x) =

V'(x) =

Stochastic Guess and Verify

Consider the stochastic version of the Ramsey problem:

Max EO(Z Bt In(ct))
ct t=0



subject to ki1 = 0ikf —crand lim ki > 0

t—oo

EiIn(Ow1)] =0
Guess that:
V(ki,0t) = Q+ Flnk; + GIn(6:)
Recall that:
Ct = 0k — Ken
We may now write the maximization as:
Max {In(6:k{ — ki1) + BE[Q + FInkea + GIn(Ow1)]}

kt+1

First-order condition:
0=

N0k — Ker) + BIQ + FInka ]}

_ -1 pF
th{x _kt+l - kt+l

Kir1 = BF[OKE — K ]

(9k+

Rearrange to obtain:
BF

kt*+1 1+ ﬂF etkt
Next recall that:
ci = 0«k{ — ki
F
= Otk{x - ]-fwetk?

Collecting terms:

* _ ﬁF :| a _ Otk{x
Ct‘[l T+ pF 0% = 7057

We next evaluate the Bellman equation at ¢ and k;,; to obtain:
V(kt,Ot) = maX{ln Ct + ﬁEtV(kt+1,9t+1)}
= Inc{ + BE([Q + FInk{; + GIn(Ot1)]

:m[lﬁﬁF}+ﬁg+ﬁFm[1ﬁﬁFaw}+ﬁG.o

Therefore:
V(kt,Qt) = |n(9t) + o |n(kt) — |n(l + ﬂF)

+ QO+ ﬁFIn( 1 fFﬁF ) + BFIn(0:) + aBFIn(k:)

Expand to:



V(ki,0t) = [BQ - In(1 + BF) + BFIn(BF) — BFIn(1 + BF)]
+ (1 + BF)In(6t) + a(1 + BF) In(k:)
Now match coefficients:
Q- BFIN(BF) — (1 + BF)In(1 + BF)

1-p
F=a(l+pF)=F-= 1_“aﬁ
_ _ 1
G =1+pF= 1= 7
Finally:
ket = %otk? — apoke
Ct = th{x — kt+1 = (1 — aﬂ)@tk?
_ 1 af In(1-ap)
o= Tl {qlem "D |
and:
V(kt,et) O+ alnk; + |n(9t)

(1-ap)



