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Economics 701

Professor S. McCafferty












Autumn, 2010
Final Examination

1. Consider the following system of differential equations:
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a.) Find the eigenvalues of the matrix A.  (4 points)
b.) Find the eigenvectors of the matrix A.  (4 points)
There exists a transformed set of variables, 
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c.) Express 
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d.) Suppose that 
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e.) Find the time functions, 
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f.) Draw in 
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g.) For points to the right of the 
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 increasing or decreasing?  Explain briefly.  (2 points)
h.) Draw in 
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i.) For points above the 
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j.) In 
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k.) Suppose that you are constrained to set 
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l.) In 
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2. Consider the problem faced by a crude oil extractor who faces a demand curve given by:
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where p represents the price of oil and u represents sales of oil per year.  The stock of oil is denoted by 
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a.) Write this problem as an optimal control problem, and identify the appropriate Hamiltonian.  (4 points)


b.) Write down the first-order conditions for the optimal control problem, assuming an interior solution for the control variable.  (4 points)


c.) Find the general solutions for the optimal paths of 
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d.) Assume that T, y(0) and y(T) are all specified.  Find the appropriate constant term(s) in the solutions for 
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e.) Suppose that T and y(0) are given and that 
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 might hold as a strict equality for finite T?   Explain briefly.  (4 points)


f.) Suppose that we also require that 
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.  How should we impose such a constraint?  Is likely to be binding?  If this constraint ever binds strictly, when is it likely to bind?  (4 points)
3. Consider the following consumption-savings problem.  A consumption path is defined as 
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The variable, 
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 represents the constant discount rate.   For this problem, assume that 
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Now suppose the instantaneous felicity function, 
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Assume that 
[image: image58.wmf]max

min

)

0

(

c

ra

c

<

<

.  Because 
[image: image59.wmf]max

)

0

(

c

ra

<

, the individual cannot set 
[image: image60.wmf]max

c

c

=

 for all t.  The individual would never be willing to set 
[image: image61.wmf]max

c

c

>

, because this would limit c during those times in which he must set 
[image: image62.wmf]max

c

c

<

.  Because 
[image: image63.wmf]min

)

0

(

c

ra

>

, the individual would never need to set 
[image: image64.wmf]min

c

c

<

.  Therefore, the solution to the original problem is the same as the solution to:



[image: image65.wmf]0

)

(

lim

 

and

 

given,

 

)

0

(

),

,

0

[

,

)

(

),

(

)

(

)

(

 

:

subject to

,

)

(

max

min

0

)

(

³

+¥

Î

"

£

£

-

=

¥

®

¥

r

-

ò

t

a

a

t

c

t

c

c

t

c

t

ra

t

a

dt

e

t

c

Max

t

t

t

c

&


a.) Solve the differential equation, 
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.  Find the particular solution as part of your answer, but leave any initial or final value conditions unspecified.
(3 points)

b.) Solve the differential equation, 
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.  Find the particular solution as part of your answer, but leave any initial or final value conditions unspecified.
(3 points)
c.) Write an expression for the current-value Hamiltonian for this problem.  Use the symbol, 
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d.) Write an expression for 
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e.) Solve for the time path of the current-value costate variable, 
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f.) If 
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g.) If 
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If there exists a time 
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This problem may also be formulated by adding Lagrange multiplier terms to impose the constraints 
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j.) Set up the current-value Hamiltonian to include such terms.  Denote the Lagrange multipliers as 
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