Differential Equations
Equations that combine variables and functions of variables with derivatives of the
variables as well.

Classical Methods:

Catalog of solution methods for various specific types of differential equations.
State Variable Techniques:

Linear, constant coefficient differential equations.

Systems of such equations.

Linear Approximations to non-linear systems.
First-order Linear, Homogeneous differential equation with constant coefficient

Form :y = Ay, or: y— iy = 0: " - " indicates time derivative.
'Guess’ at solution : y(t) = ce™
y(t) = AceM
Try out guess : y— Ay = AceM — 1y
= Acet — Ace™ =0
Constant is determined by initial condition: y = y(0) att = 0.
y(0) = ce*? = ¢ = y(0)
y(t) = y(0)e™
First-order Linear Homogeneous Time Varying Coefficient

y+a(y=0
Solution:
t
9~ _adt = Iny = - [as)ds + ¢
to
t
y(t) = cexp{ja(s)ds}
to
Example:

Compute future amount of principle plus continuously compounded timevarying
interest at rate r(t) on an initial amount A(to).

At) = r(HA(t)

A() = A(to) exp {j r(s)ds}
to

First-order Linear Time-varying Nonhomogeneous with



Time-varying Coefficient
y+a(t)y+b(t) =0

u(t) = exp{ J. a(s)ds}

& _aw exp{ | a(s)ds} = a(u(t) = 4

Integrating Factor
Define:

Therefore:

Now note that:

%(uy) = [y +py = pay + uy

However:

p(y +a)y +b(t)) =0

Wy + pay = —ub(t)
L (uy) = —u(b®
Integrate:
wy = [ Sy = [ webE)ds +c
- —jt 1(s)b(s)ds + ¢
O T
where:
t
u(t) = exp{ J. a(s)ds}

Application

Compute future amount of principle plus continuously compounded time varying
interest at rate r(t) on an initial amount A(ty) plus a deposit flow s(t),t > to.

At) = r()A() + s(t)

Alto) + [ :O exp{-R(z)}s(z)dz
exp{-R(®)}

R(t) = j :0 r(z)dz

A(t) =




Second-order, Linear, Homogeneous, with Constant Coefficients

Form : y+aiy+apy = 0: "ee"indicates 2" time derivative.
Characteristic Equation : A2 +ajA+ag = 0 = roots : 11,1,
"Guessed Solution" : y(t) = cie*t + ¢ et?t
Check :

y(t) = crett + cpett

y(t) = c1A1eMt + cpA et

J(t) = c1A2e’t + cpA3etet

V+aiy +agy = (A7 +aid; +ag)cieMt + (A3 +aid, +ag)c.e*t = 0
Two initial (or one initial, one final) value conditions needed for c4,c>

State Variables Approach

Consider the vector - matrix differential equation:
X = AX
X @ nx1vector of state variables
A : nxn matrix of constants.

X1 a1 A -+ A X1
X2 | | @z ax - am X2
Xn dn1 an2 -+ dpn Xn

Eigenvalues and Eigenvectors
Consider a square matrix, A

Eigenvalues, A; are solutions to:

aigr—A  ap -+ am
a1 ax—-A -+ am
|A—Al| = . . , . =0
an1l an2 «+ @m—A

Eigenvalues turn out to be solutions to the extended characteristic equation.



Some useful properties of Eigenvalues:
A1Ado2---An = |A]and A1 + A2 +...+4n = trace(A)

Matlab command eig(A) gives eigenvalues of A

Eigenvectors
Av; = Ajvj,or : (A-Lil)vi=0
vi's, 0 are column vectors of length n.
Definitions:

M: Modal matrix; columns are eigenvectors
M=|:V1 V2 - Vp :|

A: Diagonal matrix of eigenvalues

[ AL 0 -~ 0 }
0 /1 0
A= TP

Matlab command [M,lambda]=eig(A):
‘M’ modal matrix of A

'lambda’: Diagonal matrix of eigenvalues of A

Diagonalization
Form matrices with each column reproducing a term in the definition of Eigenvectors:
AM = MA
If M is non-singular, M~! exists
M is non-singular when A’s are unique (not repeated).
Premultiply by M~ :
A = MtAM
Matlab Calculations
Matlab command [M,lambda]=eig(A):



'M’: modal matrix of A

'lambda’: Diagonal matrix of eigenvalues of A

Application of Diagonalization to Linear Systems
Consider the system: x = Ax

Define a transformed variable: y = M™*x
Obviously: x = My
Therefore: x = Ax = My
Rearrange: y = M1Ax = M'AMy
y = Ay

How does this help? These are just unrelated first-order linear differential equations.

Y1 A1Y1
Y2 _ A2Y2
B Yn i B AnYn i
Solution:
ya(t) y1(0)et!
y2() | _ | Ya2(0)e*
L n@® || vt

Matlab notation:
t=sym(’t")
z=exp(diag(lambda)*t)
yO=[...]
y=y0.*z
One problem: We generally know x(0) not y(0)

Another problem: we are interested in x(t) not y(t)



Retransformation of variables

x(t) = My(t)
x| [ yi0)ert ]
® || ve@e
B Xn(t) i B yn(o)elnt i

Matlab routine to solve this equation
A=[..]: Square matrix
[M,lambda]=eig(A)
t=sym('t’)
z=exp(diag(lambda)*t)
X0=[..]: column vector
yO=inv(M)*x0
y=y0.*z
X=M*y

Also works with complex roots.

More elaborate methods required for repeated roots.

A Note on Complex Eigenvalues
Complex Eigenvalues come in conjugate pairs; i.e., A + di. A — di.

Eigenvectors also come in conjugate pairs

1 1
Example: R _
[ a-+hi ] [ a—bhi ]

Consider a 2 x 2 case

Solution for x(t) in such an example:



xi® | _ . 1 eG4 ¢ 1 o Uit
X2(t) a+bi a—bi

Expand:
X1(t) _ont ci[cos(dt) + isin(dt)] + ca[cos(—dt) + isin(—dt)]
X2(t) - c1(a+ bi)[cos(dt) + isin(dt)] + cz2(a — bi)[cos(—dt) + isin(—dt)]

Recall that: cos(—dt) = cos(dt) and sin(—dt) = —sin(dt)
Rearrange to obtain:
_ e’“[ (C1 + C2) cos(dt) + (€1 — Cp)isin(dt) :|
[

a(ci +c2) + b(cy —cy)iJcos(dt) + [a(c; — c2)i — b(cy + ¢2)sin(dt)]

Now define the new constants, k; = (c1 +¢2) and k; = (€1 —Cp)i

Therefore:

X1(t) _ it k1 cos(dt) + ko sin(dt)
X2(t) (ak + bkz) cos(dt) + (ak, — bky) sin(dt)

Evaluate at t = 0 and we find that:
x1(0) = k1 and x2(0) = (aky + bkz)
Solve for k; and k. and plug in to get final solution.
We are therefore assured that time functions are real, never complex.
Numerical solutions (i.e., Matlab) may obscure this fact.

Diagonalization procedure automatically handles these cases.

Higher-order ordinary differential equations

. dny dn—ly dn—zy dy
Consider hg gt h1 ey + hy ) +”'+ht_1ﬁ +hpy(t) =0
. dy d?y
Need to define: X1 =Y, X2 = H,X3 = F,

Example: Second-order equations as First-order System
y+ay+by=20



Define x; = yand x; =y. Thereforey = X1,y = x;,andy = x»

HEk

Now solve as outlined above.

Nonhomogeneous Linear Differential equations with Constant Forcing
Term

Consider the system:

X = Ax - b: That is;

X1 ai1 ai -+ ain X1 b1
X2 | | aa az - an X2 b2
Xn anl ap2 -+ apn Xn bn

bi's are constant.

Simply define: z = x - A™'b
Therefore: 2 =x = Ax—-b = A@z+A™b)-b
Rearrange: z = Az; solve in the usual way.
Note that: z(0) = x(0) - A'b
Finally: x(t) = z(t) + A~'b

Linear Approximations to Non-linear Systems
Consider: x = Q(x)
Q is a vector function of the vector x

Consider the neighborhood of a constant solution X such that Q(X) = 0
Linear Approximation: x ~ Q(X) +%—§3()‘()(x - X)

A s the matrix of partial derivatives of the vector, Q, with respect to the elements of x

OX



%—2 is also called the Jacobian of Q

G TR VR O T

OX1 0X2 OXn

Q9 Q> 0Q)

@ — OX1 OX2 T T
19) ¢

QA 0

OX1 OX2 OXn

Therefore: x = Ax - b
_0Q (g —9Q ). x
where A = ox (X) and b = ox (X) - X

Matlab example:

syms x1 x2
yl=sym('x1"2+x2’)
y2=sym(’log(x1)-x2’)
z=jacobian([yl,y2],[x1,x2])
Returns:
Z =
[ 2*x1, 1]
[ 1/x1, -1]

Stability of Linear Systems

Stability requires lim x(t) = 0 for all initial conditions.

t-o0

For linear systems, we require all 1; < 0
For complex roots, we require that the real part be negative.
Saddle Paths
When some roots are non-negative, we may have stable saddle paths.

There may be initial conditions for which lim x(t) = 0

t—o0

Saddle path analysis useful in applications of the Maximum Principle
Consider the transformed variable, y(t)

Recall:



[y || yaert ]
y2() | _ | Ya2(0)e*
B Yn(t) i B yn(0)et i

Ifyj(0) = 0 VA; > 0, then all of the y(t) converge to zero. (or stay equal to zero.)
We first identify the 1; > 0, and set y;(0) = 0, by construction.

We may then recover sets of initial conditions for x(0) = My(0) that imply saddle path stability.

A two-dimensional example

. dix an
X = AX = X.
d21 az

Solution can also be written as:
x(t) = My(t) = y1(0)vie™" +y2(0)voet?!

=y " fentay)f T jer
V12 V22

y1(0) and y,(0) are constants to be determined by initial conditions.
v1 and v, are the eigenvectors
A1 and A, are the roots of the characteristic equation.
Now suppose that A; > 0

Saddle path requires y1(0) = 0

R A RE3 2 )
2 22 2

Typically, one of x;(0) and x»(0) is a 'state’ variable.
The other of x1(0) and x2(0) is a ’jJump’ variable.

For example, suppose that x;(0) = X3

va1y2(0) = %1 = y2(0) = 5—211 and x2(0) = v2y2(0) = %Xl



Finally, x(t)

Vi2 V22
X
|: vzzl— :|e/12t
Vor X1

We say that motion is only along the stable eigenvector; in this case v.



